STAT C206A / MATH C223A : Stein's method and applications 1

Lecture 1
Lecture date: Aug 27, 2007 Scribe: David Rosenberg

1 Introduction

Stein’s method was invented in early 70s by Charles Stein as a method for proving central
limit theorems.

1.1 Convergence in distribution

The cumulative distribution function of a random variable X is defined as
F(t):=P(X <t).

Suppose we have a sequence of r.v. {X,} with c.d.f. {F,} and a r.v. X with c.d.f. X. We
say that X,, converges in distribution (or converges in law, or converges weakly) to X if

lim F,(t) = F(t) for all continuity points ¢ of F.

n—oo

This is denoted by X,, = X or F,, = F or X,, = F'. The following theorem is standard.

Theorem 1 The following are equivalent:

1. X;, = X
2. E f(X,) = E f(X) for all bounded continuous f
3. E f(X,) = E f(X) for all bounded Lipschitz f

4. E (eitX") — EeX forall t

Recall that the function ¢(t) := E(e®¥) is known as the characteristic function of X.
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1.2 Central limit theorems

Recall: The standard gaussian distribution N (0, 1) has density
( ) e—z2/2
x) = .
4 V2

We will usually denote standard gaussian r.v. by Z.

Basic central limit theorem: If X7, Xo, ... iid r.v. with mean 0 variance 1 then

Z%%X" — N(0,1).

One standard method of proof uses characteristic functions.

E [e“E?Xi/\/ﬁ} _E [eitngxi/\/ﬁ]n

1+i—tEX+@EX2+
Vn 2n

2\" 2 )
~ (1_2n> — et /2:E(e’tz).

1.3 Some examples that we will cover

We will apply Stein’s method to situations where it’s hard to apply standard arguments.
Some examples are as follows.

Hoeffding’s combinatorial CLT

Suppose 7 is a random (uniform) permutation of {1,...,n}, and consider the following
distance from identity:

n
W= _|i—m(i)
i=1
This is known as Spearman’s footrule.

Known result: As n becomes large,

W, -EW,

= N(0,1).
Var(W,,)

More generally, we have Hoeffding’s combinatorial CLT.
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e Array of numbers (a;;) satisfying certain conditions.

i<i,j<n
e 71 a random permutation

o Wy =3 airq) (for spearman, a;; = [i — j|)

How close is %_7]?‘%) to N(0,1)? This was Stein’s original motivation.
ar(Wy,

Linear statistics of eigenvalues
Suppose (Xij)1<i j<n are iid rv’s with mean 0 and variance 1, Xj; = X;;. Then

An (Xij)

1
=7
is known as a Wigner matriz. Let A1,..., A, be the eigenvalues of A,. Then it is known
that

1 n
— Z 0y, = semicircle law
i

which has density

1
/4 — 22
27
on [—2,2].
We may want to look at fluctations of random distribution about a fixed distribution.

Look at W,, =37 | f(N).
Then W,, — EW,, = N(0,02(f)). Main restrictions needed:

1. E (ijm> < (Cm)™ for all m.

2. X;;’s have symmetric distribution around zero; not needed to be iid.

Original proof is by method of moments.

Curie-Weiss Model

e N magnetic particles, each with spin +1 or —1.

e Spins denoted by o1,...,0nN.

1-3



e The particles try to align themselves together with the same spin.

e Simplest model [mean-field model]: P(c) = Z lexp (g di<i<i<n Uiaj> where § =
1/kT with T being the temperature and k the Boltzmann constant.

e The magnetization of the system
1
m(o) = . Z o
If 8 =0, then we have iid, and magnetization is close to 0.

e Known that for 5 <1, m(c) — 0 in probability as n — oo.

e For § > 1, the equation = = tanh(fx) has two solutions, m*(3) and —m*(53), say
m* > 0 and

1
m(a) —— 5 (5m*(,3) + 5—m*(ﬁ)) .

o If B <1, then
Vnm(o) = N(0,7)

e The model has a phase transition at 3 =1. If § =1, then

n'/*m(o) = the distribution with density o e v'/12,

Sherrington-Kirkpatrick Model

Spin glass model for N spins.
P(o)=Z texp b Z Gij0i0; + hZUi
VN 1<i<j<N

where g;; is a fixed realization of iid N(0,1). The idea is that some particles try to align in
the same direction, and some repel each other.

We will prove various results about this model using Stein’s method.
If h =0, it is known that g = 1 is the critical temperature.

Overlap: generate two vectors, o' and o2 independently from the Gibbs measure.

It is known that Rj 9 = O(\/l—ﬁ) if B < 1.

Open question: What is the magnitude of ki at 8 = 17
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Lecture 2
Lecture date: Aug 29, 2007 Scribe: David Rosenberg

2 Distances between probability measures

Stein’s method often gives bounds on how close distributions are to each other.

A typical distance between probability measures is of the type

(1, v) = sup {'/ i~ [ sav

where D is some class of functions.

:fED},

2.1 Total variation distance

Let B denote the class of Borel sets. The total variation distance between two probability
measures 4 and v on R is defined as

TV(11,0) = sup |u(4) —(4)].

Here
D={1y : A€ B}.

Note that this ranges in [0, 1]. Clearly, the total variation distance is not restricted to the
probability measures on the real line, and can be defined on arbitrary spaces.

2.2 Wasserstein distance

This is also known as the Kantorovich-Monge-Rubinstein metric.

Defined only when probability measures are on a metric space.

Wass(p, v) i= Sup{‘/fdu - [ rav

i.e. sup over all f s.t. [f(z) — f(y)| < d(z,y), d being the underlying metric on the space.
The Wasserstein distance can range in [0, 00].

: fis 1—Lipschitz},
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2.3 Kolmogorov-Smirnov distance

Only for probability measures on R.

Kolm(p, v) = sup | ((=o0, ]) = v ((=o00,2])|

< TV(p,v).

2.4 Facts

e All three distances defined above are stronger than weak convergence (i.e. convergence
in distribution, which is weak® convergence on the space of probaility measures, seen
as a dual space). That is, if any of these metrics go to zero as n — oo, then we have
weak convergence. But converse is not true. However, weak convergence is metrizable
(e.g. by the Prokhorov metric).

e Important coupling interpretation of total variation distance:
TV(p,v) =inf {P(X #Y) : (X,Y)isarv.st. X ~puY ~v}
(i.e. infimum over all joint distributions with given marginals.)
e Similarly, for u, v on the real line,
Wass(p,v) =inf {E|X —-Y|: (X,Y) isarv.st. X ~puY ~v}
(So it’s often called the Wass;, because of L; norm.)

e TV is a very strong notion, often too strong to be useful. Suppose X1, Xo, ... iid £1.
Sn =1 Xi. Then
Sn
NG
But TV ( %, Z) =1 for all n. Both Wasserstein and Kolmogorov distances go to 0 at
rate 1/+/n.

= N(0,1)

Lemma 2 Suppose W, Z are two r.v.’s and Z has a density w.r.t. Lebesgue measure bounded
by a constant C. Then Kolm(W, Z) < 2,/CWass(W, Z).

Proof: Consider a point ¢, and fix an €. Define two functions ¢g; and g2 as follows. Let
gi(x) =1 on (—oo,t), 0 on [t + €,00) and linear interpolation in between. Let go(xz) =1 on
(—o0,t — €], 0 on [t,00), and linear interpolation in between. Then g; and g2 form upper
and lower ‘envelopes’ for 1(_ 4. So

PW <t)-P(Z<t)<Eq(W)-Eq(Z)+Eq(Z) - P(Z<T).
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Now E g1 (W) —E g1(Z) < 1Wass(W, Z) since g1 is (1/€)-Lipschitz, and E g1(Z) — P(Z <
t) < Ce since Z has density bdd by C.

Now using g2, same bound holds for the other side: P(Z <t) — P(W < t). Optimize over
€ to get the required bound. O

2.5 A stronger notion of distance

Exercise 1: S, a simple random walk (SRW). S, = > 7 X;, with X; iid 1. Then

S
— Z ~N(0,1).
\/ﬁ = (0,1)
The Berry-Esseen bound: Suppose X1, Xa,... iid E(X1) = 0,E(X?) = LLE|X]? < oo.
Then 5
Kolm [ 5n 7) < 3EIXF
Vn Vn

Can also show that for SRW,

Sh Const
W - <
o <\/H ’ Z) - n

This means that it is possible to construct % and Z on the same space such that

*li-d<

Can we do it in the strong sense? That is:

<’—Z’ ) < Ce .
Vn

This is known as Tusnddy’s Lemma. Will come back to this later.

3 Integration by parts for the gaussian measure

The following result is sometimes called ‘Stein’s Lemma’.

Lemma 3 If Z ~ N(0,1), and f : R — R is an absolutely continuous function such that
E|f(Z)| < oo, then EZf(Z) =E f'(Z).



Proof: First assume f has compact support contained in (a,b). Then the result follows
from integration by parts:

/b xf(:v)e_CCQ/de = [f(x)e_xz/ﬂz + /b ]‘“/(31:)6_””2/2 dx.

Now take any f s.t. E|Zf(Z)| < 00, E|f(Z)| < o0, E|f(Z)] < 0.

Take a piecewise linear function g that takes value 1 in [—1, 1], 0 outside [—2, 2], and between
0 and 1 elsewhere. Let

folw) = f(x)g(x/n).
Then clearly,
|fn(x)| < |f(z)| for all z and f,(z) — f(z) pointwise.

Similarly, f/, — f' pointwise. Rest follows by DCT. The last step is to show that the
finiteness of E |f/(Z)| implies the finiteness of the other two expectations.

Suppose E|f'(Z)| < co. Then
| er@le rans [T [C1) age i
0 0 0

- / T W) / e e ay
0 y

N——
e—v2/2

Finiteness of E|f(Z)] follows from the inequality |f(z)| < supp <y [f(t)| + |z f(z)]. O
Exercise 2: Find f s.t. E|Zf(Z)| < co but E|f'(Z)| = .
Next time, Stein’s method. Sketch:

Suppose you have a r.v. W and Z ~ N(0,1) and you want to bound

sup [Eg(W) —Eg(Z)| < sup [E(f'(W) = Wf(W))|
geD feo’

Main difference between stein’s method and characteristic functions is that Stein’s method
is a local technique. We transfer a global problem to a local problem. It’s a theme that is
present in many branches of mathematics.
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Lecture 3
Lecture date: Aug 31, 2007 Scribe: David Rosenberg

4 First step in Stein’s method

Suppose you have a r.v. W and a standard gaussian r.v. Z and you want to bound

sup [Eg(W) —Eg(Z)],
geD

where D is some given class of functions. The first step is to find another class of functions
D’ such that

sup [E g(W) — Eg(Z)| < sup
geD feD’

E (f'(W)-wfWw))|. (1)

Stein’s idea: If D’ is a class of functions such that for every g € D, 3f € D’ s.t.

f'(z) —2f(z) = g(z) — Eg(Z) (2)

for Z ~ N(0,1), then (1) holds. (This o.d.e. is sometimes called the ‘Stein equation’.)
Indeed, take any g € D, and find f € D’ that solves the above equation. Then

Eg(W)—-Ey(Z2) =E[g(W) - Eg(Z)]
=E(f'(W) - WfW)).

Clearly, given D it is in our interest to have D’ as small as possible.

Lemma 4 (Stein) Given a function g : R — R that is bounded, 3 absolutely continuous f
solving f'(z) — zf(x) = g(x) — Eg(Z) for all x, satisfying

7T
<\ l0 - Nol and |7, <2ls Nol.
(where {1, = sup,ex |£(z)]. No = Eg(2).Z ~ N(0.1)).

If g is Lipschitz, but not necessarily bounded, then

2
<19l 17 <y 2 1ol and |17] <2001



Actually, the third and fourth inequalities are not due to Stein, but were obtained later.

Exercise 1: Show that all five constants are the best possible.
So we can now take D’ to be these f’s (which in particular have the given bounds).

The above lemma tells us, for instance, that

Wass(W; 2) < sup { [E (f/(W) = WFW))| : [flow < 1, 1f oo < 2/ 1[0 < 2}

5 Example: Ordinary CLT in the Wasserstein metric

Suppose X1, Xs,..., X, are independent, mean 0, variance 1, E|X;|> < oo. Let S,

> X;. Take any f € C* with f absolutely continuous, and satisfying |f| < 1,|f'| < \/2/,

and |f”] < 2. First, note that

EWf(W) = \/15 S E(Xif(W)).
Now let X Z X
R S ) i)
Wi=W-m="m

Then X;, W; are independent. Thus

=0
and so
E(Xif(W)) =E(X; (f(W) — f(W})))
=E (X; (f(W) = F(Wy) = (W = W) f (W)
+E[X;(W = W) f'(W;)]
Note that .
[f(0) = fla) = (b= a)f'(a)] < S(b—a)* [ "]

and that W — W; = X;/y/n. Thus

| (rov) - s - T pan )|

1
f L < EE|XZ»\3.

3-10

3)



Again,

E [X; (W —=W;) f'(W)] = \/1% EXZf'(W;)

1
=——Ef'(W
\/ﬁ f( Z)
since EXZ-2 = 1 and X; is independent of W;.

From (3) and the above calculation we see that

)EWf ——ZEf

1 < 3
WZE!XA :
i=1
Finally, note that
Ly mpwy -wrw| <L s mw o
Ton

"l 2

Combining, we have
[Ef(W)W —E f'(W )\

1 3
< n3/2 ZE|Xi| + 3/2 ZE|X‘

Since E X? = 1 we can conclude that E | X;|® > 1 and hence E|X;| < (E | X;|?) Vi< g | X3
We have now arrived at a ‘Berry-Esséen bound’ for the Wasserstein metric:

Theorem 5 Suppose Xi, ..., X, are independent with mean 0, variance 1, and finite third

moments. Then .
Y X 3 3
W , 2 < —= E|X;|°,
ass < Jn = 372 21 E|X;|

where Z ~ N(0,1).

Unfortunately, this isn’t a real Berry-Esséen bound, since it’s a bound on the Wasserstein
metric and not the Kolmogorov metric. From a lemma proved in Lecture 2, we can get

2

W WaSS(W, Z)

Kolm(W, Z) < 2\/Wass(W 7Z) =

But this is of order n=1/4, which is suboptimal.
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Exercise 2: Get the true Berry-Esséen bound using Stein’s method. This involves analyz-
ing the solution of the Stein equation (2) for g(x) = 1y,<;) for arbitrary t € R.

Exercise 3: Consider Erdés-Rényi graph G(n,p). Has n vertices and (g) possible edges,
each edge being open or closed with prob p and 1 — p, independently of each other. Let
T, = number of triangles in this graph. Find a way to use Stein’s method to prove the CLT
for T,, when (a) p is fixed, and (b) p is allowed to go to zero with n.
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In this lecture we are going to study the solution of the differential equation

f'(@) —af(z) = g(x) —Eg(Z), Z~N(0,1). (4)
Lemma 6 Given function g : R — R such that E|g(Z)| < oo where Z ~ N(0,1),
f@) = [ P gly) ~ Eg(2))dy )

is an absolutely continuous solution of (4).

Moreover, any a.c. solution f of (4) is of the form

flz) = f(z)+ ce”’ /2, ceR.
Finally, f is the only solution that satisfies lim;| flz)e ™"/2 = 0.

Proof: By the method of integrating factors, we have that if f is a solution to (4), then

d

TP @) = A @) —af (@) = ¢ (g(x) ~ By(2)).

So, (5) is a reasonable candidate as a solution of (4). And it is easy to verify directly
that (5) indeed satisfies (4).

If f is any other solution of (4), then

d

= (@) - fan) =o.

Hence, f(z) = f(z) + ce®/2 for some ¢ € R.

Clearly, from definition ,
lim f(z)e™*/2=0 (by DCT).

T—r—00

Note that since Z ~ N (0, 1), we have

/OO eV (g(y) — Eg(Z))dy = 0.
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So, f can also be written as follows

fa) = =2 [ P gly) ~ Bg(2))dy, (6)
Therefore, by DCT, limg— 400 ]"(:15)@_3”2/2 =0.

a

Remark 7 If, instead of standard gaussian, Z follows any other distribution then all of the
statements of the above lemma still hold except limg 1 j"(glc)e*"’“ﬂ/2 =0.

5.1 Another form of the solution

Lemma 8 Assume g is Lipschitz. Then

fla) = Zg(Vtx + V1= Z)} . Z~N(0,1) (7)

/012¢T [

is a solution of (4). In fact, it must be the same as (5), because limg)_, ., flz)e /2 = 0.

Proof: Let g is C-Lipschitz. Then! |¢'|o < C

On differentiating f and carrying the derivative inside the integral and expectation which
can be justified using DCT, we have

1
/ 1 /
=— E|Z t 1—tZ)| dt. 8
f0 == [ sr=B |2+ VI=12) Q
On the other hand, the Stein identity gives us
E [Zg(ﬂx VI tZ)} — VI_tE [g’(ﬁx +VI- tZ)} .

Thus,

fl(x) —xf(x * > g (Vtx + \/17—752)] dt

/OEK N A
/OlE[ \fa:+\/1fZ)}

E[/O (\/a:+\/1fZ)dt} =g(z) — Eg(2).

! Any Lipschitz function g is absolutely continuous. Hence, it is (Lebesgue) almost surely differentiable.
Define ¢’ to be derivative of g at the points where it exists and 0 elsewhere.

4-14



a

Recall the notation Ng := Eg(Z). Now we will prove that if g : R — R is bounded,

oo_\[\g Ngl,, and II. |f'| <2|g—Ngl,

and if ¢ is Lipschitz, but not necessarily bounded, then

2

This will prove the Lemma 4 of Lecture 3. The bounds (I), (II) and (V) were obtained by
Stein.

Proof of bound (IIT) : Applying Stein’s identity on (7), we have

f(a:):—/ol%[ g (Viz + VT=12)] d

Hence,

1
e < 1ol | 5z = 19
Proof of bound (IV) : From (8), it follows that

L | \/5
~ < (E|Z ’Oo/ =1/ =1 |-
e < ®IZD e | 5 = /710

Exercise 9 Get the bound (V) from the representation (7).
Proof of bound (I) : Take f as in (5). Suppose x > 0. Using the representation in (6),

we have N
1f(2)] < |9 — Ngloo (6302/2/ €y2/2dy> .

Now, L2 */2 [ e eV 2y = —1 + ze*’/? L= e ¥ /2dy < 0 Va > 0. The last step follows
from Mill’s ratio inequality which says that f;o e~ v/ 2dy < %e_lﬂ/ 2 (for a quick proof, note
that LHS < [* Ye~¥"/2dy = RHS ).

So, e* */2 [%° e=v*/2qy is maximized at = 0 on 0, 00) where its value is /2. Hence,
T Y 2

DI < /3l Nyl vz >0
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For x < 0, use the form (5) and proceed in the similar manner. O

Proof of bound (II) : Again, we will only consider > 0 case. The other case will be
similar.

Note that
f'(z) = g(z) — Ng+af(z) = g(x) — Ng — ze® /2 / e V"2(g(y) — Ng)dy.
Therefore,

o0
@) < lo = Nalo (10052 [~ P20y
X
<2|g — Ng|oo (By Mill’s ratio inequality).

U
Proof of bound (V) : On differentiating (4) and rearranging
(@) =g'(x) + f(2) + 2f'(2)
=g () + f(x) + 2(9(z) — Ng + zf(x))
= g'(z) +2(g9(z) — Ng) + (1 +27) f(2). (9)

We can write g(x) — Ng in terms of ¢’ as follows,

g(z) — Ng= —— m / V2 (g(a) — g(y))dy

{/ / Je ¥ /dedy / / Je Y /2dzdy]
[/ﬁ ()/lfy/%wz—é yuxl efﬂ@w}

7:
/ @_lmﬂ@m@@

where ®(z) = [*_ \/%6_92/ 2dy is the distribution function for standard normal and ®(z) =
1—®(2).
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Similarly,

R [@(w) / " ()0(2)dz + D) / - g'(z)@(z)dz}

— 0o
Substituting the above expressions for ¢ — Ng and f in (9), we get

£@) =g @)+ (o= VER(+ 25 (w) [ OO J(2)B(2)d>

n (_x Va1 +x2)ex2/2(1)($)) /:o J(2)®(z)dz.

To be continued in the next lecture.
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6 Continuation of Stein Bound

In the previous lecture we proved bounds on f and its derivatives, f satisfying

f'(z) —af(z) = g(z) — Ny,
where Ng =E ¢g(Z) and Z ~ N(0,1).
We are in the process of bounding |f”|« under the assumption that g is Lipschitz. Contin-
uing from the previous lecture, we have

xT

f"(z) =g (z) + (:L‘ — \/%(1 + x2)ex2/2(1 — @(m))) / g (2)®(2)dz

— 00

+ (—z —V2r(1 4 22)e” 20 (x)) /oo J'(2)(1 — ®(2))d=.

T

This gives
(@)oo <19/l |14 |2 = V21 (1 + 2%)e /(1 - ()] / ®(z)dz

oo (10)
= Va1 + 22 )| [ - el

Recall the Mill’s ratio inequality on ®(x) for x > 0:

e d(z) < Gl (11)
V2r(1+422) — Y= V21

Exercise 10 Prove the left inequality in (11).

There is a similar bound for x < 0. To proceed, we wish to remove the absolute values in
equation (10), by determining the sign of the expressions within the absolute value. From
the Mill’s ratio (11) we have

z+ V27 (1 + 22)e” 2d(2) > 0 (12a)



and
—z +V21(1 + %) 2(1 — ®(x)) > 0. (12b)

You can check (12b) by noting that for < 0 the inequality is obvious, and for x > 0 use
the lower Mill’s ratio inequality; (12a) follows similarly. Hence both expressions within the
absolute values in equation (10) are negative.

To finish the simplification, observe that integration by parts gives

T e—a:2/2
/OO O(2)dz = x®(z) + NGE

and

Combining, we get

2 e~ 7%/2
1" (@)] < 19'loo [1 + (—z 4+ V2r(1+ 2%)e” (1 — () (m(g;) 4 m)

N (x n \/ﬂ(l n $2)6x2/2cb(x)) (—1‘(1 - ®(2)) + 8%2>] "

= 2[¢/|oo-
This proves the desired bound.

The factor 2 in the bound above turns out to be sharp. In contrast to the calculation above,
it is easy to attain a factor of 4, as follows. First we take the derivative of the equation

f'(x) = zf(z) = g(z) — Ng
to get
f(@) —af'(x) — fz) = g'(2),
f'(@) = xf'(z) = g'(x) + f(2) := h(z).

Since Nh = Eh(Z) = Ef"(Z) — EZf'(Z) = 0 (from Stein’s Lemma in lecture 2), we see
that f’ is a solution of the Stein equation with h. The triangle inequality and one of the
earlier Stein bounds give

9"+ fI < 19l + 1f] < 2190,

hence
‘f”‘oo < 2’91 + f|oo < 4‘9/’00-

This completes the discussion of the five Stein bounds.
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7 Dependency Graphs

Let {X;,7 € V'} be a collection of random variables, and G = (V, E') be a graph with vertex
set V.

Definition 11 G is called a dependency graph for {X;,i € V'} if the following holds: for
any two subsets of vertices S, T C V such that there is no edge from any vertex in S to any
vertex in T, the collections {X;,i € S} and {X;,7 € T} are independent.

The idea behind the usefulness of dependency graphs is that if the max degree is not too
large, we get a CLT. Note that there is not a unique dependency graph (for example, the
complete graph works for any set of r.v.).

Example 12 Suppose Y1,Ya,..., Y11 are independent random wvariables, and let X; =
YiYii1. We will want to study the behavior of

Y Xi=) YiVi.

A dependency graph for {X;,i € V} with V- ={1,...,n} is given by the graph with edge set
{Gyi+1):1<i<n—1}.

Given a graph G, let D = 1 4+ maximum degree of G. We have the following lemma.
Lemma 13 Let S =} ..y, X;. Then Var(S) < D} ..y Var(Xi).

Proof: Assume without loss of generality that E(X;) =0 for all i € V.. We write j ~ i if j
is a neighbor of ¢ or j = 4. Then
(a) ®) — EX?+EX?
Var(S) = ZE(XZ-X]-) = Z‘E(Xixj) < Z ff < DZVar(XZ-),
1, i,j~1 i,j~1 eV
where (a) follows by the zero-mean assumption and independence, and (b) from the AM-GM
inequality (ab < (a? +b%)/2). O

In the next lecture we will use the lemma to prove the following theorem. Let o2 =
Var(}® X;) and W = 2. Xi where it is assumed that E(X;) =0.

(e

Theorem 14 It holds that

4 D?
/D3 |4 13
Wass(W, Z) < Jro? D E E|Xi[*+ — E E |X;|°,

where Z ~ N(0,1).
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Remark 15 The bound in the theorem is often tight. We can get a bound on the Kol-
mogorov metric from the bound

2
71/4\/Wass(W, Z),

Kolm(W, Z) < o)

but this is not a good bound.
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8 Method of Dependency Graphs

We recall the definition of a dependency graph from the previous lecture. For a collection
of random variables {X;,7 € V} indexed by the vertices V' of a graph G = (V, E) we say
that G is a dependency graph if for any disjoint subsets S, 7" C V with no edges between S
and T we have {Xj;,7 € S} and {X;,7 € T} independent. Let D = 1+ max degree G.

Lemma 16 Suppose that E(X;) = 0,02 = Var(}_ X;), W = % and Z ~ N(0,1). Then
Wass(W, Z) < 1 /D3 E|X;4 D E|X;3
ass(W, Z) < o2 Z | X [* + o3 Z | X[

Proof: Let W; = %EjeNi X; where N; = {i} U {neighbours of i}. As in the case of iid
random variables we have X; and W; independent but we do not in general have that W;
and W — W, are independent.

2
VESUNIIENERVI PSS

Take any f such that

Then
EW W) = 2 30 B w) = 2 30 BCaGrv) - fw) = () + ()
where 1
== STEIX(F(W) = f(Wi) = (W = W) f'(W))]
and
_ % S E[X(W — W) f/(W)].
Now

Z ~FB|X;(W — W) Hf”\oo_ ZE|X > X))

JEN;
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since W — W, = %EjeNi X;. Also

10 = 2 S ExE %60) = £(r0n [ S X (T X))

JEN; JEN;

T

We will proceed by showing that T' is concentrated. Note that since EX;W; = 0,
1 1
ZEY X\(W-W;)==-EY X,\W=EW?=1
SB_ Xl )=JE).
and so
2 2
((I1) = fW)| = [E(f (WNT = 1)| < |f|<EIT - 1| < \/;\/E(T —1)?= \/;\/Var(T)

Combining these results we have

EW W)~ BP0 < )2 | Var 5 S8 )+ 5 S EX(Y X7

JEN; JEN;

117 1V

Now
1
V< — Z Z E|X; X; Xy

1 1
;Z Z g(E|Xi\3+E’Xi|3+E|Xi\3)
i j,kEN;

IN

D? 5
< o3 Z E ‘Xz|
where the second inequality follows from the AM-GM inequality.

Next we need to estimate

Var( Y X;Xj).
i,JEN;
The collection {X;X;,i € V,j € N;} is a collection with a dependency graph of maximum
degree 2D?. This can be seen as follows: X;X; is independent of X3 X; if neither £ nor [
belongs to N;UN;. Now |N;UN;| < 2D and each vertex in this set has at most D neighbors
so the maximum degree of the new dependency graph is 2D?. Using the variance bound on
sums of dependency graph variables derived in the previous lecture we have

Var( > X;X;) <2D*> Var(X;X;) <2D*> EX}

4,JEN; e
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using the fact that

1 1
Var(X;X;) < E(X}X?) < §EXZ4 + QEX;-".
The proof is completed by substituting this estimate. O
Example 17 Let Yi,...,Y 41 be itd mean 0 variance 1 random variables and let X; =

Y:Yiy1 A dependency graph for the X; has edge set {(i,i+1):1<i<n} and D =3. Then
Var(3_ X;) = 02 = Cn so

1 1 D? c
- . 3 4 |13
Wass<a § X, Z> < CJZ\/D § EX}+ 3 § E|X;|]° < NG

Exercise 18 In an Erdos-Renyi random graph G(n,p) let T,, ,, be the number of triangles.
Using the method of dependency graphs show that for some absolute constant C

Var(T,, ) np?/2

Exercise 19 e Find out the best known result for the above problem.
e Show that the CLT can not hold if np / oc.

e Refine the method of dependency graphs to show a CLT when np — co.
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9 Method of Exchangeable Pair

Suppose (W, W’) is an exchangeable pair of random variables, i.e. (W, W’) 4 (W', W), and
there is a constant A € (0,1) such that

E(W' —W|W) = =AW a.e. (14)
Also suppose EW? = 1, then we have
2 1 1 , 3
Wass(W, Z) < {/=Var E(ﬁ(W’ - W) |W) ) + S—AEIW - W] (15)
77

where Z ~ N(0,1).

In general A is a small positive number, usually of the oder 1/n and W’ is obtained by
applying a small perturbation to W.

Note that from the given conditions we have EW = EW'’ and EW? = EW’? = 1. Using
this information along with (14) we have

1. EW = 0. Since E[-AW] = E[E(W’' — W|W)] = E[W’ — W] =0 and X\ # 0.
2. EW’ —W)?% = 2. Since
E(W —W)? =E[W"? 4+ W? - 2W'W]
= E2W? - 2W'W]
=E2W(W — W) = ERQWE(W — W'|W)] = E2AW?] = 2.

Now take any twice differentiable function f with || f[l., < 1,[[f'l < /2 and [|f”]| < 2.
Let

F(z) = /0 " )y,

Clearly F' is a well defined thrice differentiable function. So using Taylor series expansion
for ' we have

0= E[F(W') — F(W)]

=E|(W —W)f(W) + %(W/ — W)2f'(W) + Remainder (16)
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where |Remainder| < W — W'[3|| f"||, < $|W — W'|3. Now
—AE[W f(W)] = E[(W' — W) f(W)]

- _F [;(W’ —W)Af(W) + Remainder}

=-E [;E[(W’ —W)AW] f’(W)] + E[Remainder].

Dividing both sides by A we get

1

B(0%) ~ W07 < B | 107) - (Bl

1
(W — W2 W) — 1>} ‘ - 3—AE|W — W'
Since || f']| o, < \/g and E(W — W’)? = 2\ we have

|Ef'(W) —EW f(W)| < \F E’E(I(W —WHHW) — 1’ + iE|W -W'3
s 2\ 3\

2 1 1
< = . ’_ 2 _ _ /3'
_\/Wbar <E(2)\(” W)2W )>+3)\EW Wl

Remark 20 If W, W' just have the same distribution (need not be exchangeable) then also
the above result holds.

Now let us apply this method to the simplest case of sums of independent random variables.

Let X1, X5,..., X, be independent random variables with mean 0 and variance 1. Define

1 n
w=-—Y X,
Vi s

Let X1, X}, ..., X/ be an independent copy of X;, Xo, ..., X,,. Choose an index I uniformly
at random from {1,2,...,n}. Replace X; by X/. Let

, 1 X X, — X;
Ly Ao A
W=meXit m=Wr—rm

A
Lemma 21 (W, W') is an exchangeable pair.

Proof: Exercise. O
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Note that W’ — W = 22 Hence we have

1
_ L S xw = LB S xw = L
- Jn n ‘ T Vn = T

Here condition (15) is satisfied with A = n~!. Now,

1 , 5 m , 5 1 , 5 8 — 5
—3>\E\W —WP = 73n3/2E|X1—X1\ =337 § IE\Xi - X;]? < T § 1E|X,~y
1= 1=

and

i r 2 _n o 2 _ i - TR

E | (W =W2W| = -B((X] - X)) \W)—%;E((Xi Xa)2|W).
Note that,
E((X] - Xi)?|W) = (X - 2X{X; + X7|W) = 1 + E(X]|W).

Hence

1 / 2

Var< (55 (W W)W Var( ZX |W>

<Var< > g 22Var (X7) < ZEX4

and we have,

1 O 8 -
Wass(W. Z) < 44— § |3,
ass(W, Z) < 53 2 EX; + WETD 2 E|X;|
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10 Exchangeable pairs

Recall that a pair of random variables is called exchangeable if (W, W’) and (W', W) are
equal in distribution.

During the last lecture we obtained an upper bound on the Wasserstein distance between
such a W and a Gaussian random variable Z:

Theorem 22 Let Z be a standard Gaussian random variable. If (W, W') is an exchangeable
pair of r.v.’s, B(W' — W|W) = =AW for some 0 < A < 1, and E(W?) =1 (or E(W' —
W)2) = 2)), then

Wass(W, Z) < \/iVar <E <21)\(W’ — W)2|W)> + % E(W' —W]3). (17)

Intuitively, if E(W' —W|W) = - AW, E(W' = W)?) = 2XA+0(\), and E(|W' =W |?) = o())
then Wass(W, Z) = o(1).

Usually the quantity %(W’ — W)? is not concentrated. However, we will often have a
o-algebra JF such that W is measurable with respect to F and

E <21)\(W’ — W)2|f)

is concentrated. By Jensen’s inequality,
1 1
Var (E <2)\(W’ — W)2|W)> < Var <E (w(w’ — W)2|f>) :

11 Example: CLT for the scaled sum of i.i.d. random vari-
ables

Let X1, Xo, ..., X,, be i.i.d. random variables with mean 0 and variance 1. Let

1 n
w=-—=> X,
Vi

8-28



As seen last lecture, we define W’ as follows:
1 X7
W/ = = Z XJ + =
i vn
where the index [ is chosen uniformly at random from {1,2,...,n} and X; is independent
from, and equal in distribution to the other X;’s.

Then E(W —W|W) = —2W so A= 1. E (& (W’ — W)?|W) is hard to compute. However,

n

we can write 5 (W' — W)? = L(X] — X;)?, and if F is 0(X1, X5, ..., Xp) then

Lo w2ir) = L Ly ye
E<2>\(W W) |F>—2+2n;Xi,

which is concentrated.

12 Hoeffding combinatorial central limit theorem

Suppose (aij);fj:l is an array of numbers. Let m be a uniform random permutation of
{1,2,...,n}. Let W =371 tingiy-

We would like to say something about how close W-EW) 5 to the standard Gaussian

\/ Var(W)
distribution N(0, 1).

(n))n

Hoeffding’s original proof involved a sequence of matrices (az-j ij=1 and gave conditions
for convergence to normality. The method of moments was used for the proof. The idea is

to show that i
W, — E(W,)
Var(W,,)

(2Kk)! for k£ even.

2k k!

converges to 0 for k odd, and to
Bolthausen (’83 or ’84) proved a Berry-Esseen bound for finite n using Stein’s method.
We assume the following, without loss of generality:
n n 1 n
2

Zalj =0, Zaij =0 and | Z a;; = 1. (18)

7=1 =1 7,7=1
To see why this does not compromise generality, for an arbitrary (a; j)?”j:l we define

n

1
aj. = ﬁ E Qg

=1
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i=1

and
dij = Qi — Q. — Q. + Q...

Now,

n n n n
Z&ij = Zaij — Zai. — Za.j +ZCL‘.
: =1 : : :
n
= Zaij Z a;j — Zaw + — Z Qg
=1

3,j=1 3,j=1
= 0.

Similarly, we can check that the other assumptions in (18) are satisfied by (a;;).

We define

n
ZEL )—Zaml Zaz Zaﬂ + na.. _Za”” —na...
i=1 i=1

It can easily be checked that

justifying (18).

We now return to our original problem, and assume (18). Then we have

azﬂ'z § aij =0,

so E(W) = 0. For the variance, we can write

Var ZV&T Qi (i) +ZCOV Qi (i) s JW(J))
i#]

First,
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SO

ZVar(am(,-)) = % Z az;.
=1

ij=1
Now we will calculate the covariance.

COV(aiw(i)aajw(j)) = E(aiﬁ(i)ajw(j))
1

— it Qs
n—1 Z ik Wjl

k,l#k

—1
= )
k

where the last equality comes from the fact that ), 2k Ol = —Qjk.

We now obtain

—1
> Cov(@in(iy, ajn()) = — > aiajk

it ik
1 2
= 771(”_ 1) %aik.

Combining the variance and covariance calculations above, and keeping (18) in mind, we

obtain
n

Var(W) = ! Z a?, = 1.

n—14= "
1,j=1

Next, we will create an exchangeable pair (m,7’) by defining 7’ = 7o (I,J) and W' =
> iz @i (i) Where (I, J) is a uniformly random transposition.

To be continued in the next lecture.
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Lecture 9
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13 Proof of the Hoeffding combinatorial CLT

Recall the Hoeffding CLT from the previous lecture:

Theorem 23 Suppose (aij)i<ij<n 5 an array of numbers. Let m be a uniform random
permutation of {1,...,n}. Let W = 37| a;n(;y- Under suitable conditions on (aij)1<i j<n,
W converges to the normal distribution (after centering and scaling).

We assumed, without loss of generality, that
n n 1
VZZICLZJ_(L v] Zlalj_ov mzalj:l
j= i= i,J

so that
EW=0 EW?=1

We will create an exchangeable pair (7, ) by defining 7’ = wo(I, J), where (I, J) is selected
uniformly at random over the set of transpositions on {1,...,n}. That is, #'(I) = = (J),
7'(J) =n(I), and 7'(k) = (k) for k # I, J.

Exercise 1: Show that (7, 7') is an exchangeable pair.

Let W' = >7" | ajp(;). So (W, W’) is an exchangeable pair. Note that

W' =W = arp(1) + (1) = Qrn(r) — Qin(s)

= Arr(J) T Qjn(1) = QAIx(I) — AJr(J)

So, by summing over the choices for (I,.J),

E(W'—W]|r) = n(n—1) Y (@in) + Qi) — Gin(s) — ()
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Note that 1 1
s D iny = W
n(n —1) oy n

Again, by assumption, Zj# a = —an(;) for fixed i, so

i ()
1 -1 -1
- = = W
n(n —1) ;a”(]) n(n —1) XZ: @im(@) n(n —1)
A similar argument applies to show
1 -1
- = W
n(n—1) ; (@) n(n—1)
Combining, we get that

E(W' —W|r) = WW

Since this depends only on W,
—2(n —2
E(W — W|W) = n(g"_l))w — AW
_ 2(n-2)
where A = A1)
Now consider
1
E(W' = W)n) = ———— > (Gin() + Qja(s) — Gin(s) — %)’
n(n —1) 1<i#j<n

The conditional expectation given W has a smaller variance, so bounding this will be
sufficient to apply the method of exchangeable pairs.

Exercise 2: Bound the variance of this conditional expectation to obtain the complete
Hoeffding combinatorial CLT.

A paper of Bolthausen’s (84, Z.W.) gives a bound on the Kolmogorov distance for the
Hoeffding CLT.

Theorem 24 Consider W as above. Let Z ~ N(0,1). Then

Zi,j |aij|3

n

sup|PW <t)—P(Z<t)|<K
t

where K is a universal constant.
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n20(afj)

What is the order of the bound? Informally, we can say ﬁ Typically, —

mzw afj = land ) ;a;; =0 = 3 a;), so a;j = O(1/y/n). This is assuming the
.3

values are evenly spaced over the a;;. So FoZualwl O(nn=3/2) /n = O(1/y/n).

n

=1 (since

The method of exchangeable pairs does not allow work to obtain Bolthausen’s result. It is
possible to get a bound on the Wasserstein distance, but it will involve 4th powers.

14 CLT for the antivoter model

Suppose G = (V, E) is an r-regular graph with n vertices (for instance, the torus). (X i(t))iev
is a process of +1 valued rv evolving as follows. At any time ¢, choose a vertex ¢ uniformly

at random. Then choose a neighbor j of ¢ uniformly at random. Let Xi(tH) =—-X ](t) and

X ,gtﬂ) =X ,gt),Vk # 1. So you make the opposite decision of your neighbor.

This chain will converge to a stationary distribution (supposing aperiodicity and irreducibil-
ity), although the stationary distribution is not trivial to describe. Let (X;);ey be a random
variable distributed as the stationary distribution. The problem is to show that ), X;
is approximately Gaussian (after centering and scaling) if n is large and r is fixed.

Rinott and Rotar (97, AAP) got a Berry-Esséen bound, using the method of exchangeable
pairs.

Let W =3, Xi. Construct W’ by taking a step in the chain. Rinott and Rotar proved
that, although the chain is not usually reversible, (W, W’) is still an exchangeable pair.
(Even though we do not require exchangeability if we use the bound on the Wasserstein
distance given in this set of notes, it may not be possible to do so for the Rinott-Rotar
Berry-Esséen bounds.)

Clearly, W/ — W € {—2,0,2}. Let
a(X) = |{edges (i,j) € Est. X; = X; = 1}|
b(X) = [{edges (i,j) € E s.t. X; = X; = —1}|
c(X) = |{edges (i,7) € E s.t. X; # X;}|
ETX)=[{ieV:Xi=1}= % (3iev Xi + n), then it can be seen that

), ) = 200 )

Then P(W' — W = 2|X) = 20 and P(W' - W =2 X) = 20 8o

™ ™m

4b(X) —4a(X) _ 2(n—2T(X)) _ -2

E(W' - W|X) =
™™m n n
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Exercise 3: Consider the 1-dim Ising model on n vertices. The graph is either:

Let 0 = (01,...,0p), n spins (£1 valued). The probability distribution on the spins is
P(o) = Z Yexp(BY.; 0i0i+1). Prove a CLT for >_" | 0; using exchangeable pairs.
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15 Concentration Inequalities

Suppose X is a random variable and m is a constant (usually the mean or median of X).

We seek bounds like
P(X-m>t)< f(t)), P(X —m < —t) <exp(—g(t)).

xXp(—
Typically, f(0) = 0 and hmt_m<> f(t) = oo, and similarly for g. For example, if X; are iid
with P(X; = —1) = P(X; = 1) = 0.5, then

P ZH:X- >t) < i
n 4 i > €Xp 9 )
i=1
and similarly for the lower bound, so
—nt?
>t] <2exp 5 .

1 n
P ( !
" =1
Obviously this provides some justification for the statement that % >, X, is concentrated

> Xi
near 0.

Now the issue is to read off the “typical deviation” of X from m. The method is to find
the range of ¢ for which f is “like a constant,” say, e.g., equal to 1. In the example above,
t = n~1/2 is the typical deviation. If t < n~/2 then nt? /2 is near 0, so the bound provides
no information. If ¢ > n~1/2, then nt? /2 is quite large, so the upper bound on P(X —m > t)
is near 0, and we are left wondering whether there is a smaller neighborhood of m around
which X concentrates.

Caution: Don’t assume that upper bounds are sharp.

The simplest concentration inequalities come from variance bounds: the typical deviation
of X from EX is /Var(X). The following is a useful bound on the variance of a function

of several random variables.

Theorem 25 Efron Stein-Inequality (or Influence Inequality, or MG bound on Variance).
Suppose that X1,..., Xy, X1,...,X], are independent with X/ 4 X; for all i. Let X =
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(X1, Xp), XO = (X1, .0, Xi1, X!, Xiv1, .. Xp). Then

1 ¢ ;
Var(f(X)) <53 F |(F(x) = F(x P2

Proof:
Let X' = (X}, .., X)), X = (X1, ..., X!, Xiy1, ..., Xn); note XI% = X and X" = X"

Var(f(X)) = BEf(X)? — (Bf(X))?
Ef(X)* = E[f(X)f(X")]
EIf(X)(f(X) = f(X))]

n

SB[ 10 ((xE) - p(xt))]

i=1

Fix i and note that f(X) (f(XI~1) — f(X1)) is a function of (X1, ... X, X{, ..., X}) =2 X*.
The distribution of X* remains unchanged if we switch X; and X/. Under this switching
operation,

FX) (B = p(x)) i (XD (X0 = 1)),

so these two quantities are equal in law. It follows that
a=B | £(0) (FxX) = (x| = B[ £(x®) (FxT) - pxE1) | <.

Observing that a = b implies a = b = (a + b)/2, we obtain by Cauchy-Schwarz

B £(6) (7 — px )] = 2B [(£00) - £x @) (5(xE) — p(x))]
< 5 (B0 —sox] s - sy )
=38 | (s - sex)’].

where the second step follows by noticing that
E[(f(X) = f(XW)?] = BI(f(XIT) — f(x1T))?)

(by @ — 1 applications of the switching operation). Sum over ¢ to complete the proof.

16 Application: First Passage Percolation

We will apply the Efron-Stein inequality to study first-passage percolation. This section
gives definitions; the application will be finished next class.
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Consider the lattice Z?, with iid nonnegative random edge weights (we)ec g, E being the set
of edges of the lattice. Let ¢, = min{}_ ., we : p is a path from (0,0) to (n,0)}. In words,
t, it the first time that the vertex (n,0) is reached by a liquid that is spilled onto the origin
and which takes a random amount of time to flow over each edge in the graph.

Theorem?: t,,/n — p in probability where 1 depends on the distribution of edge weights.

Note that the weight of a minimal path from (0,0) to (n +m,0) is less than or equal to the
sum of the weights of the minimal paths from (0,0) to (0,n) and from (0,7n) to (0,n + m).
Therefore

E(tntm) < E(tn) + E(tm).

Next time we’ll begin with the subadditive lemma: if {a,} is a sequence of real random
numbers satisfying ani1m < an + anm (i-e., {a,} is subadditive), then lim, a,/n exists in

[—00,0) and equals inf,, a,/n.

ZKesten, 1993 Annals of Applied Probability. On the speed of first-passage percolation.
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For E the set of edges in the lattice Z2, let (we)ecp be i.i.d. nonnegative edge weights.
Define
ty = inf{z we : P is a path from(0, 0)to(n,0)}
ecP

Then E(tyim) < E(tn) + E(tm) VY n,m, as shown last time.

Lemma 26 (Subadditive Lemma) If {a,} is a sequence of real nombers, such that
Ontm < Gn + am ¥V n,m, then

In particular the limit exists.

Proof: Fix k > 1. Take any n and choose m such that n = mk + r with 0 < r < k. Then
an < may + a,. It follows that lim sup %” < “—k’“, hence

a a a
lim sup — < inf Tk < liminf =2
n k n

which concludes the proof.

Now suppose for the rest of this lecture that F(w?2) < oo. It follows from the lemma that
30 < p < oo such that E(t,)/n — u as n — oo.

Kersten showed: If F(w?) < oo and P(w, = 0) < p.(d), where p.(d) is the critical probability
for bond percolation in Z%, then p > 0.

We want to show: %‘ — p in probability. Assume now

Ja > 0s.t.P(we >a) =1 (19)

We will show an inequality of the form Var(t,) < Cn. Let [, be the nomber of edges in
a shortest minimal-weight path. Under assumption 19, [, < %" By the argument of last
lecture,

1 e
Var(ts) < 3 ;EE(tn(w) — t(w®)))?
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where wq(f) = wy if u # e and wée) = w! where the latter is an independent copy of w.. By

symmetry, then,

Var(t,) <Y E [(tn(w) — t(@0@))2 1w, < wg)} = ® (say).
ecElR

Now, if we < W’ and t,,(w) # t,(w(®), then it is easy to argue that e must be in every minimal
path from (0,0) to (n,0) under the configuration w, and (t,(w) — t,(w(®)? < (W) — we)? <
(wh)?. Indeed, if the length of all minimal paths increase after increasing w, to w, then e
must belong to all minimal paths in w, and we necessarily have t,(w(®) < t,(w) + w, — we.
Hence

® < ZE((wé)Ql(e € every minimal path in w))
&
= Z E((w))?)E(1(e € every minimal path in w))
e

= E(wg)E(Z 1(e € every minimal path in w))

< B((wo)?)Ella) < Cn
by assumption 19 and the fact that E(¢,)/n — p. This concludes the argument.

It has been conjectured that actually Cin?/3 < Var(t,) < Con?/3 in 72, where C and Co
are positive constants depending on the distribution of w.. The best known lower bound
in C'logn.

Let us now state two standard tools for proving concentration inequalities.

Theorem 27 (Azuma-Hoeffding inequality) Suppose Xi,...,X, are martingale dif-
ferences with respect to a filtration {F1,. .., #,} and there exist constants a;,b; such that
a; < X; < b; almost surely. Then

k 02
P X;>t)] < ———
<12113§Xn — b= > = oXp < >S(b; — ai)2>

Theorem 28 (Bounded differences inequality) Suppose f : R™ — R is such that there
are constants ci,...,cn such that |f(x) — f((y)| < ¢; whenever x and y differ only in the
ith coordinate. Suppose X1, ..., X, are independent random variables. Then

2
P(f(X17"'7X7L) _E(f(Xla'--aXn)) Zt) < exp <_22;CQ>

Sketch of a proof: Put Y; = E(f(X)|X1,...,Xi) — E(f(X)|X1,...,Xi—1) and apply the
previous theorem.
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17 Stein’s method for concentration inequalities
The purpose of this lecture will be to prove the following theorem.

Theorem 29 Suppose you have an exchangeable pair (X, X') of random objects. Suppose
f and F are two functions such that

(1) F(X,X")=-F(X',X) a.s.; and
(2) E[f(X,X") | X] = f(X) a.s.
Let v(X) = iE[|(f(X) — f(X"))F(X,X")|| X]. Then

(a) E[f(X)] = 0 and

Var f(X)

I
=
=
o)
|
g
g
=
I
g

< Ep(X)]. (20)

(b) Suppose E(e?TX)|F(X, X")|) is finite for all 6. If B and C are constants such that
v(X) < Bf(X)+C a.s., then

2
P{/(X)| > t} < 2exp<—2Bj+20> | (1)

(c) E[f(X)?*] < (2k — D)*E[v(X)*] for all k € N.

Exercise 30 (You may be able to do this after the proof.)

Extend (c) to all real k > 1/2. (We think that (2k — 1)¥ remains unchanged for k > 1 but
are not sure for 1/2 <k < 1.)
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Proof: First, note that E[f(X)] = E[F(X,X’)] = 0 since (X, X') is an exchangeable pair
and F' is antisymmetric.

Further, we will assume

E[v(X)] < oo for part (a); and (22)
E[eef(X)IF(X, X’)q < oo for all # in part (b). (23)

We start by showing (a).

Varf(X) = E[f
/

f

[
[
[

E
E

(X)?]
(X)F(X, X)]
(X")F(X',X)] since (X, X’) exchangeable

I
H=HA

f(X")F(X,X')] by antisymmetry of F

[
[(f(X) = f(XT) F(X, X)]
(X)),

IA I
| ol

[v
which proves (a).

(b): Let m(0) = E[e?/X)]; then m/(0) = E[f(X)e?/ ()], Write this as
m'(0) = E[F(X,X’)eefm}
_ ! "y (21 (X) _ 65X
= 2E[F(X,X ) (e e )]

via the antisymmetry of F' and the exchangeability of (X, X).

We’ll use the inequality
1
le* —e¥] < i\m—y\(e’c—i—ey). (24)

To see this, suppose y < x;

1
d
Ty “ tx+(1—t)y
e’ —e /0 7 (e ) dt
1
_ (x_y)/ etx+(1—t)y dt
0
1
< (z—vy) / (te” 4+ (1 —t)eY) dt by Jensen’s inequality
0
1, . y
= oy ),

and similarly for y > x.
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im0 = [E[F(X, x|
gl 1y (D50 _ 01X
< 2’E_F(X,X)(e X) e X)H
< Bn[|rexx) (s00) - )| (2709 4 0]
< @E_\F(X,X’) (F(X) = F(X))[ 27X by exchangeability of (X, X')

- |9\E[v(X)eef(X)} .

If v(X) < Bf(X)+ C, then the above gives
@) < 1] (BE[£(X) )] 1 B[ X))
= B|0|m/(0) + C|0|m(0).

Now, m is a convex function, with E[f(X)] = m’(0) = 0 and taking the value m(0) = 1 at
its minimum. Suppose 0 < § < 1/B; then

m/(0)(1 — BO) < CHm(0).
Thus
m’(6) < co
m(d) — 1— B0

d
| _
7 ogm(0)

for 0 < 6 < 1/B. Therefore,

0
d
logm(0) = /Odtlogm(t)dt

6
Ct
< / dt
o 1— Bt

1 ]
<
< 1—B¢9/0 Ctdt

Co?
21— BO)’

So, for 8 > 0,

P{f(X) >t}

P{eef(X) > e@t}

e "'m(0)

IN

C6? .

IN
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Taking

t 1
6= 0, =
CtBt°© ( ’ B) '
we get the desired upper bound, and P(f(X) < —t) can be bounded similarly.
(c): Using a similar manipulation to that in the proof of (a),
E[f(0)%] = E[f(X)*P(X,X")]
1 _ _
= SE[(FO0P - p(x)® ) P, X)) (25)

Also, similarly to (24), we can show

2k—2 +

Y

‘ka—l_y%—l‘<2k2—1‘x_y‘ ‘az 214;—2‘.
Plugging this into (25), we get

E[£(X)%] < (26— DE[o(X)£(X)*].

Applying Holder’s inequality with 1/p =1—1/k and 1/q = 1/k gives

E[f(X)Qk] < 2k —1) (E [f(X)ng(k—l)/k (E |:’U(X)k:|>1/k

and so n n
(E [f(X)%D < (2k — 1) (E [U(X)kD .
This completes the proof of (¢). O
Example 31 Suppose we have the Curie-Weiss model on n spins: for o = (o1,...,04),

1 B
P{a}:Z—ﬁeXp " Z 0i0;

1<i<j<n

Let ]
m(o) = - Zi:ai.

Construct X' by taking one step in the Gibbs sampler (also known as the Glauber dynamics).
Set F(X,X') = or — o where I is the updated index. Then

fX) = E[F(X, X")]X]
~ m(o) — tanh(Bm(o)).

We’ll do this in the next lecture.
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Recall the following theorem from the previous lecture.

Theorem 32 Suppose (X, X') is an exchangeable pair,
F(X,X'") is an anti-symmetric function,
f(X)=E(F(X,X') | X),
and let
o(X) = 3 E(|(f(X) - F(X)F(X, X")]|X)
[fo(X) < Bf(X)+C, for B,C >0
then,

2
P(|f(X)] > 1) < 2exp <‘th120>

For example:
Suppose {ai7j}?j:1 are constants in [0, 1] (after translation and scaling).

Let 7 be a uniform random permutaton of (1,2,...,n).

Let

n
X = Z aix(i), (Hoeffding statistics).
i=1

Here we could want concentration inequalities for the random variable X.

Theorem 33

2
P (X —E(X)[>1) < 2exp (‘2t+iE<X)>

(27)

Interpretation: for small E(X), the density of X has an exponential tail, for large E(X),

the density of X has a Gaussian tail.

Proof: Let 7/ = 7o (I,J) where (I,J) is a random transposition. We allow I = J. Let

n
X/ = Z ai,w’(i)
i=1
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and
F(X,X') = In(X — X') (clearly anti — symmetric).

Now,

mn
X-X' = 2 (@1.7(1) + Qsm(d) = W n(s) = Crnn)) -
It follows that

n
E(F(X,X) |m) = 5> (aim() + 0jm(s) — Gin(i) — %n(i) X —
1]

1
= % 2n Z ai’ﬂ.(i) -2 Z am
? [2¥}

= X - E(X).

Since the right hand side depends only on X, therefore f(X) = E(F(X,X') | X) = X —
E(X). From this it follows that

SE(|(F0) - FXNFX, X | 7)) = TE(X -X)|7)

n
4
n 1 2
12 Z (al,ﬂ-(I) T Ajn(g) — OLx(]) — aJ,Tr(I))
4,J
(aij €0,1])
1
S o > (1) + e () + OLm() + Csn(n)
4,J

— X +EX)
= f(X)+2E(X).

Combining, we get
v(X) < F(X) +2B(X). (28)

Thus, by using Theorem 1, with B =1 and C' = 2E(X),

2
P (X ~ B(X)| > 1) < 2exp (—ME(X)>

a

Theorem 2 gives a Bernstein-type inequality. Compare the above to Azuma-Hoeffding
bounds:
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If X ~ Binomial(n,p), then

P (- 00)) = X ) < 200 ()

This shows that the deviations will be of order y/n. However, this bound does not hold for
very small p. See also, Bennett’s inequality.

The Curie-Weiss Model

In the Curie-Weiss model, the object of interest is a vector of n spins,

o=(o1,...,05) € {—1,1}".

The probability distribution of the spin assignments follows a Gibbs measure,

P(o) = Zy Lexp Z oioj | ,B >0, Zg = normalization constant. (29)
z<]<n

For g8 = 0, there will be a uniform distribution on spin configurations. Otherwise, configu-
rations will have different energies, or probabilities based on the Gibbs measure, depending
on the number of (+1) and (—1) spins. For a particular setting of the numbers of (+1) and
(—1) spins, there may be many configurations. So, the entropy is defined as the log of the
number of such configurations, given the numbers of spins. This model is equivalent to an
Ising model on a complete graph.

The magnetization, m(o), is defined as the average of the spins,
1 n
= nz;a e [-1,1]. (30)
1=

The physical interpretation of the model is to treat the spins as atom or orientable units of
a magnetic material and [ as related to temperature. More specifically,

1
ﬂ - ﬁa
where T is the temperature and % is the Curie temperature. For 5 < 1, or high temper-
atures, the magnetization of the material will be small, m(o) ~ 0, with high probability.
However, for 8 > 1 there will likely be a preponderance of (+1) or (—1) spins, yielding a
substantial magnetization such that m — tanh(8m) ~ 0 with high probability.
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m and tanh(beta*m) for beta=3

05 1.0
1

tanh(beta*m)
0.

-05
1

-1.0

T T T T T
-1.0 -0.5 0.0 05 1.0

magnetization, m

Figure 1: Magnetization m and tanh(Sm) versus m for 8 = 3.

From an initial spin configuration o, we can construct a new configuration o’ through a
Gibb’s sampling proceedure. First an index I,1 < I < n is chosen at random. Then oy is
replaced by 0/1, where U/I is drawn from the conditional distribution given (o), ;.

Exercise 34 Show that (0,0") is an exchangeable pair.

’

Let F(o,0') = o1 — a; = n(m(o) —m(a)). So,

E(F(a,a/)|a) = Tllzn:E(O'i—O';O')
i=1

= ’I’)’L(O‘)—%ZEO’

1=1

Exercise 35 Show,

E(o; | o) = tanh ZUJ

J:J#i

x

Use, P(0; | 0) o exp <g > aj> and tanh(x) = iiliix
JiF
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Let
o;

m;i(o) = % Z gj =m(o) — —.

J,J e

Note that [m —m;| = 1,Vi. Now,

flo) = E(F(s.0)]0)

= m(o) — % Ztanh(ﬁmi(a)).
1=1

Exercise 36 Show that

@)~ 1o

Hint: use the fact that tanh(x) is Lipschitz.

Continuing, using ‘F(a, O'I‘ < 2, we have

vo) = E(|fl0) = £(o)||Fl.0)]
21+8) _2(1+5)

n n

IN

IN

Thus, using Theorem 1 with B =0 and C' = Q(ITW, we get

P(1f(0)] 2 ) < 2exp (~ )
o xp | ————
=V =P\ Ty1 )
It is easy to see that

|[(m(0) — tanh(Bm(0))) — f(0)| <
Thus,

=

p <|m(0) — tanh(fm(0))| = — + t) < 2exp <_4(
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18 Some final remarks about the Curie-Weiss concentration
In the Curie Weiss model, if m(c) = 1 3 oy, then
P(]m — tanh(Bm)| > s + t) < exp<nt2).
n 41+ p)
This implies that m — tanh(Sm) = O(1/+4/n) which is the optimal result when § # 1.
At 8 =1,m — tanh(Bm) = n=3/%,
For 8 < 1 and all z, |z — tanh(Bx)| > (1 — 8)|z| and thus

[m(0) — tanh(8m(0))|
< 5

= 0(1/Vn).

im(o)]

In particular P3(|/m()| > B/n +1) < 2exp(~ "0,

When 8 = 1, P(|m(0)] > t) < Cexp(—cnt?) where C,c are not dependent on n. This
implies m = O(n~/*). Using Stein’s method one can further show that n'/*m(o) converges
in distribution to Ce~*"/12,

Exercise 1: Prove the above inequality using the exchangeable pair theorem.

Sketch: Use part (c) of the theorem. Use P(|m| > t) < E(g,fk) and optimize over k. Recall:
f(o) =m(o)—1/n> tanh(Bm(c)), show that when 8 = 1, |f(0)—f(o”)| < em(0)? /n+c/n?.
Also, |m(0)|? < C|f(0)| + C|m(c)|/n. Now combine.

19 KMT Strong Embedding

Theorem. (Komlés-Major-Tusnddy) Suppose €1, €9, ... are i.i.d. with finite moment gen-
erating functions in a neighborhood of 0 with mean 0 and variance 1. Let Sy, = > ", €;. We
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can construct a version of (Sk)k>0 and a standard Brownian motion B on the same space
such that for allm, and t > 0

P(max<p<p|Sk — Br| > Clogn +t) < Ke "
where C, K, depend only on the distribution of €;.

We will prove this result for the simple random walk using ideas from Stein’s method. We
proceed in a series of lemmas.

Lemma 37 Let n be a positive integer and suppose A is a continuous map from R™ to the
set of n X n positive semidefinite matrices. Suppose the ||A| is bounded by a b < co. Then
there exists a probability measure p such that if random variable X ~ p then for all § € R™,

Eexp(f, X) < exp(b]|0]?) and E(X, V(X)) = ETr(A(X)Hessf(X))

for all f € C*(R™) such that E|f(X)]%,E|VF(X)|? E|Tr(A(X)Hessf(X)| < oco.

Proof. Let K denote the set of all probability measures p on R™ such that fRn xdp = 0 and
[ exp(0, z)dp < exp(b]|#]|?) for all € R™. By Skorokhod representation and Fatou’s lemma
K is a nonempty, compact, and convex subset of the space V of finite signed measures on R".
Aside: K is closed, and compactness follows from tightness.

We now use the following;:

Schauder-Tychonoff Fixed Point Theorem: A continuous map from a nonempty,
convex, compact subset K of a locally convex topological space into K has a fixed point.

To be continued.
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Proof of Lemma 1 (contd.) Recall that K is set of all probability measure @ on R”
such that

/wu(x) =0 and /exp(Q,x)u(d:v) < exp(b]|0]|*) VO € R™.

We have proved that K is a nonempty, compact and convex subset of the space of all finite
signed measures which is a locally convex topological vector space.

Now fix h € (0,1). Define a map 7, : K — V as follows. Given p, let X and Z be
independent random vectors with X ~ p and Z ~ standard gaussian law on R™. Let T}, (u)
be the law of

(1—-h)X +2hA(X)Z,

where y/A(X) is the positive definite square root of the matrix A(X). Recall that, for any
nonnegative definite B, its positive definite square root is defined as

VB = U\/KUT, where B = UAU7 is a spectral decomposition of B.

Linear algebra tells us that the transformation B ~ VB is continuous. In fact, H\/El —
VBs|| < ||B1 — B2

Claim : If 0 < h < 1, then Tj(K) C K.

E <(1 —h)X + w?hA(X)Z) = 0 implies [ 2T} (p)(dz) = 0. For any 6 € R",

/exp(@, 2)Th(p)(dz) = Eexp(f, (1 — h) X + \/2hA(X)Z)
=Eexp((0, (1 — h)X) + h(0, A(X)0))
< exp(bhlJ8]?) B exp(6, (1 H)X)
< exp(bhI0]]* + b(1 — h)?[|6]*) < exp(b]|9]]*)

where the last step is a consequence of the easy inequality 1 — h + h? < 1 for h € (0,1).
Thus the claim has been proved.

Since, x — /A(x) is a continuous map, by continuous mapping theorem, 7}, : K — K is
continuous (in weak™ topology). Hence, by the Schauder-Tychonoff fixed point theorem, 7},
has a fixed point up in K.

Suppose X, ~ pn. Let Y, := —hX + \/2hA(X)Z. Thus X, % X, + Y,. Take any
f € C*(R™) with Vf and Hess f bounded and uniformly continuous. Fix h € (0,1), and
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note that
Ef(Xn+Yn) = Ef(X)

Also, by Taylor approximation, we have
1
F(Xn +Yn) = f(Xn) + (Yo, VF(XR)) + 5 (Va, Hessf(Xn)Ya) + Ry, (32)

where Ry, is the remainder term. Now, E(Y}, Vf(X})) = —hE(X, Vf(Xh)). On the other
hand,

E(Y,, Hessf(X)Ys) = 2hE (ZT\/A(Xh)(Hess f(Xh))\/A(Xh)Z> + O(R3?)
= 2WETr(A(X}) Hess f(Xp,)) + O(R*/?)
Also, from the conditions on function f, one can show that limy_.qh 'E|R4| = 0.

Since the collection {up to<n<1 € K, and K is compact, it has a limit point u € K as h — 0.
Let X ~ p. From (32), after taking expectation and dividing by h, we have

E(Xp,, V(X)) = ETr(A(Xp,)Hessf(X3)) + O(RY/?) + B 'ER,,.
Now, letting h — 0, we get, by uniform integrability,
E(X,Vf(X)) = ETr(A(X)Hessf(X)). (33)

Then, the probability p satisfies the criteria of the theorem for ‘nice’ functions f € C?(R")
with V f and Hess f bounded and uniformly continuous. The extension to more general f,
as required in the lemma, can be done via standard approximation arguments. O

Next lemma tells us that if X and A as above, then the deviation of X; and X, can be
controlled by entries of A. An intelligent choice of A will thus lead to a greater control over
difference | X; — Xj|.

Lemma 2 Let A(z) = ((aij(z))) and X be as in Lemma 1. Take any 1 <i < j < n. Let
’Uz‘j<1') = CL”(.’L') + ajj(m) - Qaij(m).

Then for all 8 € R",
Eexp(0|X; — X;|) < 2E exp(260%v;;(x)).

Proof. Take any positive integer k. Define f : R" — R as
fla) = (@i — ;).

Then a simple calculation shows that

(X, V(X)) = 2k(x; — x;)%".
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and
Tr(A(X)Hessf (X)) = 2k(2k — 1)(x; — 2;)* 2vi5(2).

By poitive definiteness of A, it is easy to see that v;;(x) > 0. An application of Hélder
inequality gives

E|Tr(A(X)Hess f(X))| < 2k(2k — 1) (E(Xi - Xj)%) " (Euij(X)k)’l“ .
From the identity (33), we can now, after a simple computation, conclude that
E(X; — X;)?* < (2k — 1)"Ev;;(X)*.
Now using el?l < e? +e77 =2372° éi,:)!, we get

O0?FPE(X; — X;)%k
(2k)!

E exp(6|X; — X/ <22

2k .
<229 (2k 1 va(X)

02k2kEU' (X)k
< 22 —— = 2Eexp (26%v:;( X))
k=0
where in the above step we use the following inequality
_1\k k
(2k —1) < 27
(2K)!  — Kl
This completes the proof. ]
Lemma 3 Let p be a p?“obabilz'ty density function on R which is positive everywhere.
Suppose [* xp(x)dr =0 and [ a?p(x)dz < co. Define,
h(z) = Jo yp(y)dy
p(x)

Let X ~ p. Then
EX¢(X) = Eh(X)¢'(X) (34)
for each absolutely continuous function ¢ such that both sides are well defined and

Elh(X)p(X)| < co. Moreover, if hi is another function satisfying (34) for all Lipschitz
p, then h1 = h a.e.

Conversely, if Y is a random variable such that (34) holds with Y in place of X, for all
absolutely continuous ¢ such that |¢(x)|, |ze(x)| and |h(z)¢'(z)| are uniformly bounded,
then Y £ X.
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Proof. We will only prove the first claim of the theorem (that too partially !) which
is a direct application of integration by parts. Let u(z) := h(x)p(xz). Note that since
[7% ap(x)dz = 0, u can be written as u(z) = [ yp(y)dy = — [*__yp(y)dy. Thus, u(z) > 0
for all z € R. Also, lim;|_,o u(x) = 0 and by Fubini, it is easy to verify that 75 u(z)de =
Eh(X) = EX? < co. Then for any bounded Lipschitz function ¢,

/ " sp(e)p(a)dz = ple)(—u(z)) |2 / " () (—ula))dz

—0o0 — 00

This proves one part of the lemma.

Exercise 38 Finish the rest of the proof.
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20 The general plan of attack

Recall the setup from the last lecture: we have iid +1 symmetric random variables 1, €o, . . .,
and

5. =Y - (35)
=1

is the simple random walk on the integers. Our goal is to construct a version of (Sy,)n>0
and Brownian motion (B):>0 on the same probability space such that for all n

max |Sy — Bi| = O(logn) . (36)

i<k<n

A cartoon of the coupling is shown in Figure 20.

Figure 2: Coupling between the simple random walk and Brownian motion. At time n the
variance is y/n but the maximum deviation between the two processes is at most O(logn).

Figure 3: A tighter coupling between a simple random walk and the Brownian bridge,
conditioned on S,, = B,.

The original KMT proof used an explicit construction of the coupling between the random
walk and Brownian motion, whereas we rely on the Schauder-Tychonoff fixed point theo-
rem. Our line of attack to construct the coupling is to couple a conditional process to the
Brownian bridge. Figure 2 shows this coupling.

The induction hypothesis we will use is the following: given a possible value S,, we can
construct a random walk Sg, S1,...,.S, with S, having that value and a Brownian motion
(Bt)t<n conditioned to have B,, = S, such that for all A < A\ we have

K)\Q 2
Eexp ()\m<ax\5’i - BJ) < exp (Clogn + nSn> ; (37)
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where C, K, and A\g must be chosen appropriately.

To see how to use this hypothesis, fix n and the value of S,. Take n/3 < k < 2n/3 and
assume that the induction hypothesis holds for all n’ < n. The main step is to do a pointwise
coupling of Sy, with By such that the deviation is at most O(1). Then we condition on a
value for Sy and use the induction hypothesis to couple (S;);<x with (B;)i<x and (Si)k<i<n
with (B;)kg<i<n. Then by piecing it together you get that the result holds for n as well.

21 Pointwise coupling

The central question we have to answer is this : how do we couple something that is almost
Gaussian to something that is exactly Gaussian such that we obtain exponentially decaying
tails?

Suppose X is a random variable with density p, EX = 0 and E X? < co. Let

_ S vely)dy
h(z) = () . (38)
We know that for all well-behaved ¢,
E[X¢(X)] = E[h(X)¢'(X)] . (39)

The idea is that if h(X) = o with high probability, then X is approximately Gaussian with
variance o2. Thus our objective is to construct a joint distribution on (X, Z) with marginals
X ~ pand Z ~ N(0,02) such that the difference X — Z is controlled by h(X) — o2.

Let

A(wl,l‘g) = ( O'\h/(% g (5-12(1'1) ) . (40)

Note that A(z1,22) does not depend on z9, and that it is positive semidefinite. By Lemma
1 we can construct a probability measure p on R? such that if (x1,22)7 ~ p then

B [<<X) Vf( m — B[Tr (A(X), Xa) Hoss J(X1, X2))] (41)
X Xo
for all suitable f. Rewriting this a bit:

of or e 2 O’f

Now take ¢ : R — R such that |¢(x)|, |z¢(x)| and |h(x)¢'(x)] are uniformly bounded, and
let ® be an antiderivative of ¢ so that ®' = (.
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Consider f(z1,2z2) = ®(x1). Then all the x5 terms in (42) vanish, so
E[X10(X1)] = E[r(X1)¢'(X1)] (43)
and by the previous lemma X ~ p. Similarly, taking f(z1,x2) = ®(z2), we get
E[X20(X2)] = 0” E[¢/(X2)] , (44)

so Xo ~ N(0,0?%). Note that the off-diagonal terms in (40) vanish for these two choices of
f. If we set those terms to 0 then X7 and X9 would be independent.

By an earlier Lemma, we now have the bound:

Eexp (0|X1 — Xa|) < 2Eexp (20%v12(71, 72)) 45
46

47

=2Eexp (2 (a11(z1, 22) + az(z1, 22) — 2a12(21, 22)))
=2Eexp (202 (21) + 0? — 20\/h($1))>

— 2Eexp (29 (v/h(z1) —0)2) :

(
(
(
(48

)
)
)
)

Remark: In a sense, the choice of A in (40) is the tightest coupling possible. Consider the
following alternate choice for A:

Az, 20) = ( h(h(:cl) h(xl)z/\ o2 ) | )

z1) Ao? o

For this A we get v12(z1, 22) = |h(21) —0?|. In coupling h(S,) = n+O0(y/n), s0 via(x1,2) =
O(y/n). This choice corresponds to the Skorohod embedding, which gives

Bl = O(nV/4
max |5 — By = O(n™") . (50)

This bound on the deviation is the best possible for summands with finite 4-th moment. For
finite p-th moment we can get O(nl/ P). The assumptions in the KMT are that the moment
generating function is finite in a neighborhood of 0, which gives a O(logn) deviation.

Why do we choose this particular function A(-)? Suppose X1, Xo, ..., X,, are iid, distributed
according to the density p, with mean 0 and unit variance, and define h(-) as in (38). Let

S=>X;. (51)

What is the function hg(-) corresponding to the density of S7 If we define as before
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S; =S — X;, we can calculate, using (39) :

E[Sp(S)] = Y E[Xip (i + Xi)] (52)
i=1
\FZE (Si + X;) h(Xy)] (53)

S) (Z h(X,J)] . (54)
=1

Now, it is easy to check that E h(X;) = E X? = 1. Therefore, using (39) again we see that

- E Zn: h(X
=1

We now show the O(1) bound on the coupling:

5] = n+O(v/n). (55)

2

(Vhs(S) —o)> =n ((1 +0<1n>>1/2 - 1) (56)
:n<1+0(\/lﬁ>+...—1>2 (57)

~0(1) . (58)
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Lemma 3 Suppose W is a random variable with EW = 0 and EW? < co. Let T be another
random variable defined on the same probability space as W, satisfying

EWo(W) = ETy (W)

for all Lipschitz function ¢. Suppose |T| is a.s. bounded by a constant. Then, given any
o2 > 0, we can construct a version of W and a N(0,0?%) random variable Z on the same
probability space such that for any 0 € R,

Eexp(f |W — Z|) < 2Eexp(260%0 (T — 02)?).
Exercise 39 Relaz the condition that “|T| is a.s. bounded by a constant”.

Before going to the proof of lemma 3, let us state some exercises which can probably be
solved using Stein’s method.

Exercise 40 In the Curie-Weiss model for § < 1, prove a CLT for the magnetization
-1 n
nTl )iy Oi-

Exercise 41 In the Curie-Weiss model for B < 1, prove a version of Tusnddy’s lemma for
the sum of spins.

Exercise 42 For the Ising model on the cycle of n points, prove a version of Tusnddy’s
lemma for the sum of spins.

Exercise 43 For the Ising model on the cycle (or chain) of n points, consider the process
(Sk)i_, where S, = Zle oi. Prove a version of the KMT theorem for this process.

Now let us prove lemma 3.

Proof: Recall that by assumption we have, EW (W) = ET¢ (W) = E(E(T|W)¢'(W))
for all Lipschitz ¢. We'll prove the lemma in two steps.

First assume that W has a density p with respect to the lebesgue measure which is positive
and continuous everywhere. Define the function h by

_ L yely)dy.

o) =2
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Then by uniqueness of h (see the second assertion of Lemma 3), we have
h(z) = E(T|W = z).

Note that h is nonnegative by definition. So we can define the function A from R? into the
set of 2 x 2 nonnegative definite matrices as

Continuity of p implies that h is continuous. Since T is bounded a.s., so is h (because
h = E(T|W)). Hence using lemma 1 we can construct a random vector X = (X1, X2) such
that

E(X,Vf(X)) =E Tr(A(X)Hessf(X))

for all f € C2(R?) such that the expectations E|[f(X)|?, E||Vf(X)|* and
E |Tr(A(X)Hessf(X))| are finite.

By the observation made in the last lecture we have X1 ~ p and Xs ~ N(0,0?%). Also by
lemma 2 we have for all § € R,

Eexp(0|X; — X3|) <2E exp(292U12(X1,X2))
where

via(x1, x2) = a11(z1, 22) + aga(x1, x2) — 2a12(21, 22)
= h(z1) +0® = 20/h(x1)
= gz (hlz) — 022 (h(z1) — 0?)?
= (v/h(z1) — 0) N ETSE < - ,

The last inequality holds because h(x) > 0. Since h(X7) has the same distribution as h(W)
and h(W) = E(T|W) using Jensen’s inequality for conditional expectation we have

(Bh(X1) = 0%)* = (E(T|W) — 0*)* < E((T — 0°)*|W)
and
exp(20%0 ?E(T — 0%)2|W)) < E(exp(260°0 (T — 02)%)|W).

Hence, if W has a density p which is continuous and positive everywhere we can construct
a version of W and a N(0, ¢?) random variable Z on the same probability space such that
for any 6 € R,

Eexp(f |W — Z|) < 2Eexp(260%c (T — 02)?).

Let us now drop the assumption that W has a density p which is continuous and positive
everywhere. Take any € > 0. Let W, = W + €Y where Y is an independent standard

17-61



gaussian random variable. If v denotes the law of W on the real line, then W, has the
probability density function

<1 (z=y)?
pla) = [ e du(y),

—oo V2Te

pe 18 positive and continuous everywhere by the above representation and DCT. Again, note
that for any Lipschitz function ¢,

E(Wep(We)) = E(Wo(W +€Y)) + eE(Yp(W +€Y))
(T (W +€Y)) + EE(¢ (W + €Y))

(T + )¢’ (W)

E
E

Thus, by what we have already proved, we can construct a version of W, and a N(0, 0% +¢?)
random variable Z. on the same probability space such that for all § € R,

202((T + €2) — (g2 + €2))2 902 (T — 2)2
EeXp(9|We—Ze|)§2Eexp< ( +€2) (20 +e)) ) < 2B exp <(20))
0 +e€ o

Let pe be the law of the pair (W, Z.) on R2. The family {uc}eso is tight by the bound
on the moment generating function in lemma 1. Let po be a limit point as € — 0 and let
(Wo, Zp) ~ po. Then Wy has the same law as W, and Zj is standard gaussian. By Skorohod
representation and Fatou’s lemma we have

20%(T — 0)?
Eexp(f |Wy — Zp|) < limiéleexp(Q\W6 —Z) < 2Eexp <( o) ) .
e—

o2

This completes the proof. O

Exercise 44 Show that the assumption that EW (W) = ET'¢' (W) for all Lipschitz func-
tion ¢ implies that W1 .oy has a density w.r.t the lebesgue measure on R. (Note that,
in fact, W can have positive mass at 0. Consider the random variable W = ZI where
Z ~ N(0,1) and I ~ Bin(1,p) are independent. Then EW (W) = EI¢' (W) for all Lips-
chitz ¢, but W = 0 with probability 1 — p.)

Remark 45 The matrix A(z1,x2) used in the proof of lemma 3 has a different interpreta-
tion. It is possible to define two stochastic processes (Xt)¢>0, (Z¢)t>0 such that (X¢)¢>0 has
stationary distribution with density p and (Z;);>0 is an Ornstein-Uhlenbeck process with
stationary distribution N(0,0?) and the matrix A(X;, Z;) is the volatility matrix of the
process (X, Z;)i>0. But it is difficult to get similar bound on m.g.f using usual stochastic
process methods.
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22 Tusnady’s Lemma

Lemma 46 (Tusnady’s Lemma, Lemma 3.10 in handout) Let €,...,¢, be i.i.d.
symmetric £1 random wvariables and S, = Y I | € be the simple random walk. Then
there exist universal constants k and —> 0 such that it is possible to construct S, and Z,
(Zn, ~ N(0,1)) on the same probability space so that for all |0] <—, E exp(0]Sn, — Zn|) < k.

Implication: P(|S, — Z,| > t) < e"'k. (We are not worried about dependence on 0,
only care about fixed —.)

We will use Lemma 3.4 from the previous lecture:

Lemma 47 (Lemma 3.4 in handout) If W is a random variable with mean 0, finite
variance, and EW (W) = ET' (W) for all Lipschitz ¢, where |T| is a.s. bounded, then
for any o > 0 it is possible to construct Z ~ N(0,02) such that Eexp(|W — Z|) <
2E exp(20%(T — 02)2/o?) for all 6 > 0.

The idea of the proof is as follows. Take W = Sn +Y, where Y ~ Unif[—1, 1] independent
of S, and show that o N
EW (W) = ET¢' (W), (59)

where T =n — S, Y + (1 — Y?)/2. Supposing we can show this, take 02 = n. Then
(oot sy - LR asi+)

o? n n
where the inequality follows from the fact that (a + b)? < 2(a? +b?) and Y € [-1,1]. This

allows us to apply Lemma 3.4 to get that we can construct W and Z ~ N(0, 1) on the same
space such that
— 252+ 1
Eexp(0|W — Z|) < 2Eexp (292 (”2 . (60)
n

“Famous Trick”: We know the moment generating function for & ~ A(0,1) is Eef = ef*/2,
It follows (by first conditioning on S,,) that

EeSn/2n _ EeﬁESn/\/ﬁ7
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for any a > 0. Next, conditioning on &, we get that the above is equal to

B (B (/0/v)") — E (h (&)) |

It is an easy exercise to show that cosh(z) < /2 from the series expansion. Using this,
we have that for a < 1

E (6“53/2") <E {(ea;f)n] = Ee*’/? < .

Together with equation (60) this completes the proof of Tusnady’s lemma, assuming (59).
We proceed with showing that (59) holds. We will use the following lemma.

Lemma 48 (Lemma 3.7 in handout) Suppose X,Y are independent random variables,
X ~ Unif{£1}, Y ~ Unif|—1,1]. Then for all Lipschitz ¢,

EXp(X +Y) =E[(1 - XY)p(X + V)]

and
1—-Y?

EYp(X +Y) = E[( >¢’(X+Y)}

Proof: From the densities of X and Y we have

1 1

()L g+ [ A=)+

E[1L- XY)p' (X +v)) = [ :

-1

The proof follows by applying integration by parts to both terms. The other identity is
proved similarly, and the proof is omitted. O

For ease of notation, write

n—1

S=5, S = H:Zei X =¢,.

=1

Let E~ denote the conditional expectation given €1, ..., €,—1. By Lemma 48,

E [ XoW)]=E Xp(S™T+X+Y)|=E[1-XY)(S™+X+Y)],

and taking expectations gives

Ee,p(W) = E[(1 - e,Y)¢'(W)].
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By symmetry of €, ..., €, we can take a sum over the previous equation to get

ESp(W) = E[(n — SY)¢' (W),

Applying Lemma 48 once again, we have

EYo(W)=EYp(S"+ X +Y)=E [(1 _2y2)<p’(ﬁ7)] :

Adding these last two equations gives the desired result of equation (59), i.e.

. _ _y? _ _
EWp(W) =E(S+Y)p(W)=E Kn —S,Y + (1;)) @’(W)] = ET¢' (W).

This concludes the proof of Tusnady’s Lemma.

23 Bounds on a Pinned Random Walk

Lemma 49 (Lemma 3.4 in handout) Suppose €1,..., €, are each in {—1,1}. Let  be
a uniform random permutation of {1,...,n} and for each k, let Sy = Zle €x(i)- Let
Wi =Sk — %Sn. Then for all 8 € R, for all k,1 < k < n, and for all possible values of Sy,

Eexp (%) < .

The proof is by the method of exchangeable pairs. We only need this lemma in order to
prove the next lemma, so the proof is omitted here. Note that the bound does not depend
on Sy; this is because Wy fluctuates the most when S, = 0. When S,, = n, for example,
¢; = 1 for all 7.

Lemma 50 (Lemma 3.6 in handout) There exists a universal constant oy such that for
all nand all possible values of Sy, any k with § <k < 2 and any o < o,

2 2
Eexp <a:") < exp <1 + ia:") .
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Proof: Letting Z ~ AN(0, 1), we have

| 2c
Eex p( = E p( a )
/2a 2azks>
k n
< Eexp <2aZ2 2a kS’ )

n

akS?
= ——————— X —_— ],
T—da ¥ (1 —4a)n?
where the steps follow by (a) same trick (moment generating function of standard normal)
as presented earlier; (b) definition of Wy; (c) Lemma 49; (d) taking expectation with respect

to Z, as long as o < 1/4. The desired result follows by noting the range of possible k and
choosing «g sufficiently small. O
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24 Tsunady’s lemma for a given total sum

Let €1, ...,€, be i.i.d. symmetric random variables taking values in {—1,1} and let S,, =
> i, €. Let m be a uniformly random permutation, and let Sy = Zle €x(s) and Wi =
S, — K.

n

Lemma 51 (Lemma 3.8 in handout) There exist universal constants ¢ > 0 and 6y > 0
such that for any n, any value of Sy, and any fized k such that 5 < k < 2?", it 1s possible
to construct Wy, and Zj, (where Zy ~ N(0,k(n —k)/n)) on the same probability space such
that for any 6 with |6] < 6

22
Elexp(0|Wy, — Zi|)] < exp <1 + chSn) )

Proof: Fix k, and for now denote Wy by W. Define W = W + Y where Y is a uniform
random variable on [—1, 1] and is independent of all of the other random variables we’ll use.
We would like to show that

E(We(W)) = E(T' (W) (61)
for any Lipschitz function ¢ and
1 k n
T = — y _vy2
i=1 j=k+1
where
aij =1 = €x(i)En() — (€n(i) = €x(j))Y- (63)
We can expect that T'~ k(n — k)/n. In fact, it can be shown that if 0? = k(n — k)/n then
(T — 02)? sz §2
- < £ 4+ 41 4
= <C I + - + (64)

where C is a universal constant.
By Lemma 3.6, we know that
Elexp(052/k)] < Aexp(chS2/n) (65)
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where A and c are constants.
The proof can now be completed using this and Lemma 3.4. Now let’s show (61).

Let us write
k n

1
W=25, —22n_ = _
Sk n Z Z 67r (2) (66)
i=1 j=k=1
and notice that if we fix i and j and condition on (7(l));¢qi 1, then the conditional expec-
tation of (€r(;) — €x(;)) must be zero.

So, we fix ¢ and j such that i < k < j and condition on (7(l))g; j3- Denote S, by S and
let S— = Zlg (g} Ex(l)- Let E™ denote conditional expectation, and consider

E [(ex(s) — €x())2(W)]. (67)
Case 1: if S # S, that is, €;(;) = €, (j), then (67) =
Case 2: if S = S that IS Eﬂ.(l) = —Eﬂ.() then let X = %(677@) Gﬂ(j)) = Eﬂ.(i). SO,
W=WwW-—+4+X Where

n

k
k
W~ Zeﬂ 1) — €x(i) — —S
=1

Now, using Lemma 3.7 we obtain

E™[(€x() — €x(j)) (W)

E 2Xo(W™ + X +Y)]
= WA-XY)YW)
= E[(2— (&x(s) — €x(j))Y)¢ (W)].

If we define a;; as in (63) above, then

o 2_(67r(i)_67r(j))y if S=5";
Y=\ 0 if S £S5

Finally we obtain s .

E™ [(ex(i) — €x(j))e(W)] = E™ (aij' (W) (68)
and replace E~ by E by taking expectations on both sides. If we again apply Lemma 3.7
we obtain (61). O

Exercise 52 Prove Lemma 3.5.
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Lemma 53 (Lemma 3.9 in handout) For any n and any possible value of S, we can
construct Wo, Wy, ..., Wy, and Zy, Z1, ..., Z, where the Z;’s are jointly Gaussian with mean
zero and

OO’U(Zi,Zj) — (Z \/j)(nn_ (Z Vj))
such that for all A < X,

K\2S2
Elexp(A max (Wi — Zi])] < exp | Clogn + (69)
1<n n
where C, K, and \g are universal constants.
The proof is by induction: use exp(z Vy) < e* + €. To be continued.
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25 Proof of Lemma 3.9

Recall lemma 3.9 from the handout:

Lemma 54 (Lemma 3.9) There exist universal constants C, K, and Ay such that, for any
n and for any possible value of Sy, we can construct a centered Gaussian process (Zy, ..., Zy)

with Cov(Z;, Z;) = M such that

K 2¢q2
VA < )\O,Eexp()\m<ax |\Wi — Zi]) < exp (C’logn + AS")
<n n

where W; = S; — —“Z”.

Sketch of the proof:
Assume the result is true for all n’ <n. Fix k with § <k < 2?"

1) Given Sy, construct (S, Z) where S has the distribution of Sy given S, and Z follows
N(0, @) such that Eexp (0‘(5 — %) — ZD < exp (1 + %) for all 8 < 6g. This is
possible by lemma 3.8.

Now construct (Sp,...,Sk) as a simple random walk with Sy = S. Independently generate
a random walk (Sp,...,S! ) with S/ , =S5, —S.

If (Uo,...,U,) is defined as

o S; if¢ <k
LS+ S, ifn>i>k
then (U, ...,U,) is a SRW conditioned to be S,, at n.

2) The next step is to generate the Brownian bridge. Let (Zo,...,Zy) and (Z,...,Z] )
be two independent Brownian bridges. Define (Yp,...,Y,) by

- JzZi+ iz ifi <k
Yzt =Lz ik
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The candidates for the coupling will be (Up,...,U,) and (Yp,...,Y,).

Let E* denote the conditional expectation given (S, Z). Apply induction to ensure that

- 22
<S¢—;S> —Zi> <exp <Clogk:+K)\kS )

E* exp (A max
i<k

and

E* exp </\ max
i<n—k

(s;— njk(sn —5)) —Z;> < exp (Clog(n—k)—l—W)

. Let

7 n

T =|S — Z|. Verify that max;<y, |U; — Yi| < max{T; +7T,Tr + T}.

Let Ty, = max;<g ‘(SZ — %S) — Zi‘ and Tr = max;<p_k ‘ (S( — ik(Sn - S)) —Z]

So E exp(Amaxi<, |U; — Yi]) < Eexp(AMTL +T)) + Eexp(A(Tr +T)). Now,
Eexp(\(T1 +T)) = E [E*(exp()\TL))e’\T} .

We bound the conditional expectation using induction, and apply the Cauchy-Schwarz
inequality. So

K 2Q2
Eexp(MT, +T)) <E <exp <C log k + )\kS ) e’\T>

< exp(C'log k)\/E (exp (21(2252>) E(e2T)

Note that this does not depend on Z. This is how this results from our use of the induction
hypothesis: For each n, and each possible value s of S, let p? be a joint density of the
coupled process satisfying the induction hypothesis. Given (S, Z) = (s, z), the distribution
of ((So,...,Sk),(Zo,...,Zx)) is simply pZ, which does not involve Z. So, conditional on S,
((So,---,5k), (Zo,...,Zk)) is independent of Z.

. T 4cA2 52 . .
Now, by a previous lemma, we have that Ee < exp |1+ —==). By the induction

hypothesis and lemma 3.6, we have

2K \252 2K\%2823
Eexp T <exp|1l+ TZ

If K is sufficiently large compared to ¢, we can guarantee that %2K + 4c < 2K. Choosing
such K and combining,

K)\Q 2
Eexp(AMT +T)) < exp (C log k + nSn + 1)
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Similarly,

K 2Q2
Eexp(AM(Tr+T)) < exp <C log(n — k) + NS5 N 1>
n

Now Clogk = Clogn — C'log < Clogn — Clog% since g < k < %” Similarly, C'log(n —
k) < Clogn—C’log%.

Combining,

3 KMS2
Eexp()\ngéax\Ui—Yﬂ)SQexp <Clogn—Clog2+ "+1>
17N n

Choose C such that Clog% > log 2 + 1 to complete the proof.

This gives the coupling for the Brownian bridge, but it requires some more work to move
to Brownian motion and move away from finite time. See handout for details.
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Exercise

Let X = (Xi,j)1§i<j§n denote the Erdos-Renyi random graph G(n,p). Let
f(X) = #triangles(X) — E(#triangles(X)).

Obtain concentration inequalities for f(X) by explicitly constructing an antisymmetric F’
and an exchangeable pair (X, X’) such that

E[F(X, X')|X] = f(X).

and using part (b) the concentration theorem (lecture 12, Sept 24). Hints: independently
regenerate a random edge. f is boolean, so it’s a polynomial: use polynomials. Thoughts:
this will probably give sharp results when p is fixed, n 1 oo, but will probably not give
sharp results when p | 0,n 1 co. A serious research problem would be to use part (¢) of the

theorem and optimize over k to get the correct tail bound in this latter case?.

26 Spin Glasses: Sherrington-Kirkpatrick Model

This lecture will cover definitions concerning the SK model of spin glasses and state results
to be proven in later lectures. Let g = (gij)1<i<j<n be a collection of iid N(0,1) random
variables. Collectively, these random variables are known as the disorder. Given the dis-
order, the spin configuration o = (oq,...,0n) € {0,1}" follows a Gibbs distribution with
conditional density proportional to

N

exp \/’% Z gija,-aj—i—hZcri

1<i<j<N i=1

Let

N
IR I S SR B
=1

oe{-1,1}N 1<j

30ptimal results are known only up to logarithmic factors, for details check Kim and Vu 2004, Divide and
conquer martingales and the number of triangles in a random graph, or Janson, Oleszkiewicz, and Rucinski
2004, Upper tails for subgraph counts in random graphs.
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be the normalizing constant for this Gibbs measure. For any function f of the spins ¢ and
the disorder g, the quenched law (or distribution) of f(g, o) is the conditional distribution
of f given g. The annealed law is the unconditional expectation of f. Usually, the quenched
expectation of a function f(g, o) is denoted by (f):

N
)= @ZxBhg)™ S flg.0)exp %Zgijmﬁhzm

oce{-1,1}N 1<j i=1
Then the annealed expectation is just E(f), which will often be shortened to v(f).

Suppose we generate two independent configurations 0!, 0% € {—1, 1}N from the same Gibbs
measure. That is, sample g, and then take two (conditionally) independent samples o, o2
from the distribution of spins given g. The overlap between o! and o is defined to be

1 N
Rio=— E ola?.
k) N 1 (A
i=1

Let pn(B,h) = N~ E(log Zn(B, h)).

Theorem 55 Replica-symmetric solution of the S-K model.
There is By > 0 such that VB € (0, By), Vh

201 N2
+6(1 q)

Jim py(8,h) = 10g(2) + Elog cosh(B2,/q + b)) .

where z ~ N(0,1) and g = q(B, h) is the unique solution of ¢ = E[tanh?®(8z,/q + h)].

log Zn

e (RO

(Note that this is not equal to limy_; o0 log(%).)

27 History Lesson

Sherrington and Kirkpatrick claimed that the statement above was true for all 5, h, however
it soon became clear that this is false. Talagrand proved the theorem above in 1998 (see
also Shcherbina 1997). Parisi conjectured a “broken replica symmetry solution” - this was
recently proven to be correct. If h = 0, the model is more tractable. In that case,

2

Jim px(8.h) =2 +los(2)  (0<B<1)
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and there is a phase transition at § = 1. This was derived by Aizenmann, Lebowitz and
Ruelle in 1987. One outstanding and important conjecture is that the replica symmetric
solution holds for all (3, h) satisfying

<1

1
4
P [cosh4(ﬁz\/§ +h)

where ¢ and z are as before. The boundary of this region is known as the Almeida-Thouless
line (AT line). Talagrand showed that the replica-symmetric solution is invalid beyond the
AT line.
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Lecture 22
Lecture date: Oct 17, 2007 Scribe: Maximilian Kasy

Repetition of the setup for the Sherrington Kirkpatrick model:
A so called disorder (g; j)i<j<n is drawn from an ii.d. N(0,1) distribution, conditional on
g, 0 = (01,...,0n) has density proportional to

exp <\/’% Zgijaiaj -+ hz (7@'>

Definition 56 (Overlap) Pick o',0? independently from the Gibbs-measure (i.e. the con-
ditional distribution of o given g). The overlap is defined as the random variable

1
Ry = NZU}U?
1

Proposition 57 35y > 0: if § < By then “with high probability” Ri2 ~ q where g = q(3,h)
solves
q = E[tanh?(B8z,/q + h)]

where z ~ N(0,1). More precisely:

E <(Rlz - Q)2k> = C]\([]? vk N

(Recall: (-) denotes conditional expectation given g)

Corollary 58 Let

B*(1 - ¢)?

RS(B, h) :=log2 + E[log cosh(8z+/(q) + h)] + 1

where q is defined as above. Then, for 5 < [,

log Zn

— RS(B,h)

in probability as N — oo, where Zn(B,h,g) denotes the normalizing constant of the Gibbs
Measure.

The proof of this Corollary proceeds in two steps:
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1. Show that

N N
in probability. This is the easier part.

log Zn 5 [logZN} o

2. Show that

log Zn
E[ N ]—)RS(ﬁ,h)

This latter step is in turn subdivided into two parts: Showing that the lim sup of the
left hand side is bounded by the right hand side (which is somewhat easier, and holds
for all 8, h), and showing inversely that the lim inf is bigger than the right hand side,
which only is true for a certain range of 3, h.

28 The Gaussian Poincare inequality

1. In 1 dimension: If Z ~ N(0, 1) then for all continuous f we have Varf(Z) < E[f(Z)?]

9. If Z1,...,Zn iid. N(0,1), then Varf(Zi,...,Z,) < ZE[(aZJ ]
Proof:
1 — 2: If X,V iid then Varf(z) = 2E[(f(z) — f(y))?]. By Efron-Stein

Varf(Zy,...,2,) <

7ZE (Zy.o s Zn) — [(Z0y . 20, 2 Zigs . Z)?] =

ZE[VCW’f(Zb---,Znh,---,Zi—1,Zi+1,---, ] < ZE (8z>

where the last inequality follows from 1.
1, by Stein’s method: Given an absolutely continuous f find g such that ¢'(z) — zg(z) =
flx) — Ef(Z). W.lLo.g. we assume Ef(Z)=0. Then

Varf(Z) = Bf(2)" = E((¢'(2) — Z9(2))f(2)) = ~Eg(2)f'(2)

(The last equality follows from integration by parts). This implies by Cauchy Schwartz

Ef(Z)* <\Ef(Z)Eg(Z)*

Now f/(z) = %(g’ —zg9) =¢" —xg — g Hence

Ef(Z)* = —E(9(Z)(¢"(Z) -~ Z9'(Z) - 9(2))) = E(¢'(2)* + 9(Z)?)
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Thus Eg(Z)? < Ef(Z)?. Combining we get the result. This generalizes: If v: R — R is

strictly convex and X is a R.V. with density proportional to exp(—v(x)), then

Vargo) < (200

Proof: find a g such that ¢’ + %g =f—-FEf.

Exercise: More generally, If v : R™ — R is strictly convex and X is a R.V. with density

proportional to exp(—v(x)), then for all absolutely continuous f : R" — R:
Varf(X) < E[(Vf(X)) (Hess V(X)) 'V f(X)]

A deep generalization of this is the so called Helffer-Sjostrand machinery.

Now, % is a function of g, hence

2
Var <10g}VZN> < E( 0 logZN>

i<j 09i N
Now,
0 logZy 1 0Zny
dgi; N NZy 0gij
NlZN ; \/’%aiaj exp<\/’% ZgijUin + hz O'Z'> = N§/2 (oi0;) .
Hence

0 logZn 2 1 9 1
E - —E o) <
; <agij N ) N3 Z<J’UJ> = 9N

It follows that

This also shows

log Z 2
Var < Og]\r N) < Qf\TSEZ <Ji0j>2)

1 .2

where o, 0 are i.i.d. draws from the Gibbs measure. We will show later that when § < 1

and h = 0, the above bound is of order N2
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Lecture 23
Lecture date: Oct. 19, 2007 Scribe: Partha Dey

Recall that, in the Sherrington Kirkpatrick model, the probability of a configuration o =
(o), e {—1,+1}V is

N
P(O') = Zﬁl exp <\/’% ZJ: 9ij0i0; + h Zz; UZ'>
where (gi;)1<i<j<n are i.i.d. standard gaussian random variables and
3 N
In= ), eXp(m ZgijUinJthJi)
oe{-1,+1}V i<j i=1

is the normalizing constant. Suppose o', o? are i.i.d. configurations from this Gibbs mea-

sure given g = (g;j)i<j. The overlap between o', 02 is defined as

1 N
E 1_2
R12:N' lO',L‘O‘Z‘.
1=

Suppose (-) denotes conditional expectation w.r.t. the Gibbs measure given g and v denotes
unconditional expectation, i.e. v(f) = E(f). Then we have the following result.

Theorem 59 3 [y > 0 such that for all B € [0, Bo] and for all h

81— q)?
+

log Zn

— log2 + Elog cosh(B8zy/q + h)

where q satisfies ¢ = EtanhQ(ﬁz\/a + h) and z ~ N(0,1).

Idea of the proof: Choose any arbitary number ¢ € [0,1]. Consider the alternative Gibbs
measure o< exp(Zi\;l(ﬂzi\/@—i— h)oi) where z1, 29, ..., zn are i.i.d. N(0, 1) random variables
independent of g. Let 1y be the unconditional law of this Gibbs measure. Note that o;’s are
independent under this Gibbs measure (both conditionally and unconditionally) and this
measure is easier to handle. Also

£ . _\~(0
N Z gij0i0j+h20izz<2li+h>m

1<i<j<N i=1 i=1
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where [; = ﬁ Zjvzl ji 9ij0j- The main idea is to show that for 8 sufficiently small, with a
proper choice of ¢ one can compare vy and v “in some sense”. In the last lecture we proved
that N~!(log Zy — Elog Zy) — 0 in probability. Today we’ll prove that

81— q)?
4

log Z
E< O%VN> <log2 + Elogcosh(82/g + h) + forall ¢ €[0,1],5 2 0,h € R.

Lemma 60 (Gaussian Interpolation) Suppose X = (Xi,...,Xy) and Y =
(Y1,...,Y,) are two centered gaussian random vectors independent of each other. Let
F:R" = R be a C? function and let

o(t) = BEF(VtX + V1 -1Y).

Then we have

n 2
S0 = 5 3 (BOGX,) - BY) B 5o

3,j=1

(VX + V1 - tY)).

In particular we have

1
EF(X)—EF(Y)_/O o (t)dt.

Proof: Exercise. O
For each o € {—1,+1}", let
3 N
Ug = —F— Zgijaiaj and Ve — B\/&Zzzaz
VN i<j i=1

Then the normalizing constants in the S-K model and in the alternative model are

ZN = Zexp(ua + hZai) and Z% = Zexp(va + hZai)

respectively. So if we define a function Z : RLHAY L R as

Z(x) = Z W eXp(Tq)

oc{-1,+1}N

where ¢ = (2o)ge(—1,41}v and we = exp(hzl-]i1 0;), we have Zy = Z(u), 2% = Z(v)
where u = {ug }oef_1,1137 and v = {Vo } (1,413~ Let

log Z
F(x) = ogN(:B) for z € RU-LHDY
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and ¢(t) = EF(v/tu + /1 — tv). We are interested in

Clearly we have

oOF 0 <logZ(a:)>_ 1

@ We exp(Tq)

oy,  Oxg N - NZ(z
O*F 1 1
= - TWo o T N7\ Yo o) lig=r}
and 0z 0z N(Z(m))2w We exp(Te + )+NZ(as)w exp(To) - L{g—r}

Let U(o!,0%) = 3E(up1Uy2 — Vg1042). Then

J=Y U(al,ag)E< O°F (\[u+\/1—tv)>

0% ;10T 52

1 wg exp(Viug + /1 — tvg)
—= Z Ulo,o) Z

1 Z U(o! 0_2)wo.1w,,2 exp(Vt(tugr + tg2) + V1 — t(vg1 + v42))
N Z?

ol o2

where Z; = ) weo exp(Vtug + /1 —tvg). For each t € [0,1] we have a gibbs measure
o exp(Vtug + V1 —tvg + h Y 0;) where uy = % ZKJ- 0ij0i0; and vy = B\/injil 2i05.
Let (-); denote the expectation w.r.t. this gibbs measure. Let 14 denote the unconditional
expectation. Then

1
¢'(t) = ~ EU(o,0)) ~ E(U(c", %))
Now
1 2 B2 B*q al 1 al 2
Uet %) = g B((Cawolo (S aoted) ) - B (X 203 20

1<j 1<j =1 =1

5221212 52Q§:12

2N i<j 2 i=1
N N

52 1_242 BQq 1_2

AN (; i 07) N Q;Uzaz

BEN 1 B2qN

1\ )y e

B 1 B%q

— *U(O’l,O'Q):Z R%Q N —TRIQ
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Note that

1 - p? 1\ B

Now plugging in the values of U(eo,o),U(o!, 0?) we have

2 2 2 2 2 2
0= (5 - 50) - (e + LB ) = -2 B - 0+ 5
This gives, in particular,
(1) gw(0)+52(14_q>2 V0<g<1

Now note that

] N
©(0) = NElog( Z Hexp((ﬁzi\/& + h)ai))

Te{—1,4+1}V i=1
1 N
= Blog [ (exp(B2i/a + h) + exp(~ B2/ — 1)
i=1
L X
=N Z Elog (2 cosh(5zi\/q + h)) = log2 + Elog cosh(8zy/q + h)
i=1
where z ~ N(0,1). So for any 0 < g <1, we have

B%(1 —q)?
+ =

log Z
E ( OgNN> <log2+ Elogcosh(8Z./q + h)

This inequality is called Guerra’s inequality and this holds for all 3 > 0,h € R.

Exercise 61 Prove that the R.H.S. of Guerra’s inequality is minimized when

q = Etanh?(82,/q + h).
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Lecture 24
Lecture date: October 22, 2007 Scribe: Joel Mefford

Continuing with the Sherrington-Kirkpatrick model.
Vg €[0,1],¥8 > 0,Yh € R
1 . B (1~ q)?
E NlogZN <inf < log2 + Elog cosh (52z/q + h) + — (70)
q

where z ~ N(0,1).

Exercise 62 (From the previous lecture) Show that the right hand side of Equation 1 is
meinimaized when

q = Etanh? (Bz/g + h).

Now,
/ B o, B 2
¢'(t) = —IE<(R12—Q) >t+Z(1—Q) ;
where Ri2 = Ziv oto?. This implies that, V0 < ¢ < 1,
1 B (1 - g)?
— Elog Zny = (1) < (0 [ S T
v ElogZy = o(1) < ¢(0) + ———,
and

©(0) =log 2 + Elog cosh (5z/q + h),
where z ~ N(0, 1).

Thus,
1

N (1)

. B (1 —q)?
Elog Zn < inf {log2 + Elogcosh (52/q + h) + ———— 5.
q

4

From exercise 1, the right hand side of this equation is minimized when ¢ =

Etanh® (82,/q + h).
Exercise 63 Show that if h > 0, equation (2) has exactly one root.

From the formula for ¢'(t), we see that approximate equality for eqation 2 holds if and only
if ¢ is such that E <(R12 — q)2>t ~Qfor0<t<1.
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Conversely, if E<(R12 — q)2> , ~ 0,¥0 < ¢ < 1 holds, then we must have approximate

equality in Equation 2. Therefore, ¢ must satisfy ¢ = E tanh? (Bz\/a + h).

Let us take ¢ = (83, h) such that ¢ = Etanh?® (8z,/q + h).

First, we observe that at ¢t = 0, the coordinates are independent under (-),.

(0i)g = 1-Plo;=1)+(-1)-P(o; = —1)
= tanh (Bz,'\/i + h)
<Uil‘7i2>o - <‘7i1>0 <Ui2>0
= {o0)g
tanh? (8z;\/q + h)

Here, o' and o2 are i.i.d. from the Gibbs measure, and

N N
1 1
Ry =+ ;1 ot} ~ (Ry2), = N ;1 tanh? (8z;/q + h) .

Since z1, 22, ..., 2N i N(0,1),
| X
N ZtanhQ (Bzi\/q + h) ~ Etanh? (82;,/q + h) = q.
i=1

Thus, under (-),, we have Ri2 ~ ¢ with high probability.

In fact, for A < %,
1

vy (exp (AN (Ri2 — q)?)) < T

Exercise 64 Derive equation (3).

Latala’s Proof of the concentration of the overlap

Theorem 65 If 5 < %, for2s <1—4B% v =1

1
Vvex SN(Rqi9 — 2 < —.
p(eN(Re —0f) < =mm
Thus,
(Ck)*

V(R — )™ < NF

Proof: Take any function f = f(c!,02) of a pair of spin configurations.
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—u(f) = v(f)
g

= [t (Ri2 — 9)*f) — 2v¢ ((Rsa — @)*f) — 2v ((Ros — @) f) + 3v1 (R34 — 9)°f)]

2

If f > 0 everywhere,

d N2

a’/t(f) <

Taking f = (Ri2 — q)%%,

(e (Riz — @) f) + 3¢ (Rsa — 9)?)] -

Np?

V(Ri2 — ) < [Vt (Ri2 — 9)*"% + 31, ((334 —q)?*(Ri2 — Q)%)] .

Now,

A 1
Vg ((R34 _ q)2(R12 N q)Zk) < <Vt (R34 . q)2k:+2) F+1 <Vt (R12 . q)2kz+2) E+1
= vy (R — g

Combining, we get

vl (Ria — q)** < 2N (Rip — ¢)* 12,

Multiplying both sides by ’\kkj!v " and summing over k, we have
Vi (exp (AN(R12 — q)?)) < 2NB%y, ((R12 - q)2e’\N(R12_q)2) )
It follows that

%Vt exp (()\ - 2t52) N(Ryg — q)2) <0.

In partiicular,

1 (exp{(A - 2,82) N (Ry2 — q)}) < 1 (eAN(Rlz—fI)Q) ]

So, for A = s+ 24% < %, we get our results: For § < %, for 25 < 1 — 4432,

1

V1—2s—4p2

vexp (sN(Ri2 — q)*) <
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Lecture 25
Lecture date: Oct 24, 2007 Scribe: John Zhu

Latala’s Result: If 3 < 1/2 then for 25 < 1 — 432

1

v(exp(sN(Ri2 —q)%)) < = v((Ri2 — 9)*) <

V1 —2s—4p32 NFk
so the overlap is concentrated.
Exercise 1: Using this result show that for any fixed p,
K(p
B((0102--0y) — 01} (o) -+~ (0))? < K@)(Baz — ) < )

Exercise 2: The above expectation goes to 0 even if p grows with N. How fast can it grow?

The 1st exercise means that any collection of spins at p locations are approximately
independent.

4

Hints for Exercise 1: use induction on p and note if o',...,0% are 4 configurations

then Ry — Riq — Ros + Ryy = (€=0kle?=a"),

Exercise 3: (A Talagrand research problem) Show the total variation distribution
distance between the joint law of o1, ... 0, and the product of marginals — 0 as N — oc.

dpleZe — By ((Rig—q)?) + (1 — q)2 Since vy((Ria—q)2) = O(%) VO<t<1
thus,

log Z 2(1—q)? 1
E ogN N = o(1) = (0) + /6(4(1)) + O(N> =log 2 + E(log cosh(5Z./q + h))
Thouless - Anderson - Palmer Equations: The random quantities (01), (02), ... {(oN)
satisfy an approximate system of equations
3 N
(o;) ~ tanh( > gijloy) +h—B(1—-q)o)) i=12,...,N
VN AT

Talagrand in 2003 gave the first rigorous proof.
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Suppose 8 < 1/2,h = 0. Then ¢ =0, and so E(R12) < §. Let [; = \/% E?;L#i gijo; be
the “local field” at site i. We will look at the annealed (i.e. unconditional) distribution of [;.

Take any smooth function f: R — R

N
v(lif(l)) \IF; [915(; f(11)) \FZE ~(05.f(1))]
i<0'f(l )) = 0 Z J]f(ll( ))eXp(\ﬁZr<sgrsaras)
691]' J Ve aglj Zr exp(\/’% Zr<s gTSUTUS)

S, [oif ((0) e exp(-+-) + 0/ (b (o) Fyono exp(--)|

>oexp(rr)
S fh)esp() (g~ B
T S )7 @\/ﬁ‘”"f P )>
D) s o (1) - P los @)ooy
Thus
) =YLt w) - Mo ) - 23 NB( ) (1)
=2
and
(031 {0103) = (F(la(orfodo?).
So

N
1 1
¥ Ll W) = (f(h (ot i)+ O().
Jj=
Exercise 4: Under ( ), what is the conditional expectation of o1 given o9, ...onN7

l1 is a function of o9,...0n, so (o1f(l1)) = (tanh(Bl1)f(l1)). Combining the steps
we get,
1
v (f'(ly) — (I — Btanh (Bl 1)) =0(—=
(f'h) = (-8 (811)) f(1)) (\/]V)
For any suitable probability density p, if X ~ p then for any suitable f we have E(f'(X) +

% f(X)) = 0 (integration by parts), and the converse is also true. Thus, the annealed

distribution of /; must be close to the distribution with density p that satisfies

d
T log p(x) = —(z — ftanh fz).
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This implies
2
log p(z) = const — % + log cosh(f5x)

= p(z) = Const cosh(ﬁx)e*"’“ﬂ/2 = Const (67(‘%75)2/2 + 67("”5)2/2).

Thus, as N — oo, the annealed distribution of /1 tends to the symmetric mixture of N(3,1)
and N(—f,1).
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Lecture 26
Lecture date: October 26, 2007 Scribe: Richard Liang

29 Annealed CLT for the Hamiltonian of the Sherrington-
Kirkpatrick model

We begin by recalling the setting of the previous lecture: let 5 < 1/2, h = 0, and

X
li = 7N jz;g”(fj
J#i
We saw that the annealed distribution of [; approaches

1 1
SN + 5N (=6,1)

as N — oo. (In fact this can be extended to the regime 8 < 1, h = 0; we’ll return to this
later.) We also saw that for any smooth function f,

v(f'(l) — (I — Btanh(Bl)) f(I1)) = 0

(here v is the annealed distribution).

Exercise 66 Develop Stein’s method for
1 1

and get a total variation bound for the above CLT.

The next exercise should have been given earlier, but is an important result.

Exercise 67 Recall Lemma 3.4 from the proof of the KMT embedding: if W is a random
vartable such that EW =0 and E[WQ] < 00, and T is a random variable such that

EWe(W)] =E[T¢'(W)] for all ¢ Lipschitz, (73)
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then for all 0® > 0, there exists a pair of random variables (W', Z) on the same probability
space such that W' is a version of W, Z ~ N(O7 02) and

e

((78) can be alternately written as E[W ' (W)] = E[T¢"(W)] for all ¢. This generalizes
to E[W - Vo(W)] = E[Tr(T Hess(p(W)))], where W = (W1,...,Wy), ¢ : R — R, and
T = (Tij)ij<a is a positive definite random matriz. Replace o? by the positive definite
matriz ¥ = (O'Z'j)gjzl and replace 0 by 6 € R%.)

Elexp(0 |W' — Z|)] <2E

Prove a multivariate version of this result.

In the regime f < 1/2, h = 0, we’ll compute the limiting annealed distribution of the

Hamiltonian
E gij 0’in .
i<j

Specifically, we will consider

1 VNS
:Nzgzjgi()’j—iz .
1<j

The appropriate scaling and centering come from the following (“very simple”) exercise.

Exercise 68 Let
pn(B) = E[

We saw that pn(8) — log2 + 5%/4. Show

Pn(B) =E <N3/2 ZQUUZUJ>

1<)

logizfv(ﬁ)} '

1
pn(B) = EVar N;gz’jaz‘ffj g
1<)

Take any smooth f: we have

(Hf < Zgwazajf > - QE<f( ))

S E[gz-j<az~ajf<H>>1—QﬁE<f< H)). (74)
N
1<i<j<N
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We use integration by parts to deal with the first term in (74):
1
+ Y Blaglows ()

1<i<j<N

— & SB[ (a1

1
=2 2B () - Nf/g > E[(f(H)oio;){0i0;)] + me > E(f(H)). (75)
i<j i<j i<j
The first term in (75) equals

NN-1) ,, N
Wu(f (H)) ~

and similarly the third is approximately

YN, gy,

which takes care of the second term in (74). The second term of (75) is approximately

v(f'(H))

N

E| ) (f(H)oio;){(oi0;)

ij=1

B
IN3/2

We can write the summand as <f(H(g,01)) aila]la?a?>, where ¢! and ¢? are two spin
configurations independently drawn from the quenched distribution (). Doing this, the

above gives

If f is bounded, then

Clfloo
T

|E(f(H)Riy)| < |flE (Ri,) <
Putting these above calculations back into (74), we get

w1 (01) = S () +0( ).

which shows that H = N(0,1/2).

Exercise 69 Prove an annealed CLT for ZK]- gij0i0; when < 1/2,h # 0.
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30 Quenched laws

Example 70 For the Hamiltonian, we showed that for any f,

(5t = s ) =B 7' ~ H1(H) ) o

For a quenched CLT, we have to show that for all f,

(30tm - s %o

Exercise 71 Suppose that for “all” f,

(30t~ HsEn) %o

Show that “for all” ¢, (o(H)) & Elp(Z)], where Z ~ N(0,1/2).

Exercise 72 Suppose Exercise 71 holds. Let py denote the (random) distribution of H
under the Gibbs measure (that is, the “quenched” or conditional distribution given g). Show

that py 5 N(0,1/2) on the space of probability measures.

26-92



STAT C206A / MATH C223A : Stein's method and applications 1

Lecture 27
Lecture date: Oct 29, 2007 Scribe: Arnab Sen

In the previous lectures, for the SK model with h = 0, 5 < 1/2 ( though the result actually
holds for h = 0,8 < 1), we proved that the annealed law of I; converges to the mixture of
Gaussian 1/2N(8,1) + 1/2N(—/,1) by showing,

v (f'(l) — (ly — Btanh(Bl1)) f(11)) N30 for every smooth f.
We may go even further and can actually show by Stein’s method that
TV (L(11), £(1/2N(8,1) +1/2N(~B,1)) < ¢/VN

where T'V stands for the total variation distance. Now, let v(-|g) denote the quenched
distribution of [y, i.e. the conditional distribution of [ given g = (g;;). We want to show

v(-|lg) = 1/2N(5,1) +1/2N(—p,1)  in probability.

In other words, the random measure v(-|g) converges in probability to nonrandom proba-
bility measure 1/2N(3,1)+1/2N(—f,1) in the space of all probability measures (equipped
with metric for convergence in distribution).

It suffices to show for all bounded measurable h,
(h(l)) 5 EW(Z)  where Z ~1/2N(B,1) + 1/2N (-5, 1).

By standard Stein method arguments, it is enough to prove

(f'(h) = (I — Btanh(BL)) f(In)) 5 0, (76)

for all nice f’s which come as a bounded solution of the differential equations f'(x) — (x —
tanh(8z)) f(x) = h(x) — Eh(Z) for bounded h.

We pause for a moment to remark that showing (76) is a rather delicate problem as many
of the standard tools, e.g. Poincaré inequality, fail in this case.

Before going to the proof, let us have a quick recap of what we did in the annealed case.

We started with

N N
(L f(h)) = N2> g0 £ (1)) = > gijhy where hy = N72(0; f(Ih)).

=2 =2
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Using integration by parts, we had that

EZgljh = EZ aglj' (77)

It turned out, using (R2%,) ~ 0, that

Z agu £/(12) + B tanh(BL) (1).

For the quenched CLT, we would like to show that (77) holds approximately even without
the expectation, i.e.

hj ~ ith high probability.

Zgu Za o, Vith highp y

So, we will need the followmg approximation lemma.

Lemma 73 ( approximation lemma) Suppose g1,92,...,9m are i.i.d. N(0,1) and

hi,ha, ..., hy are functions of g = (91,92, --,9m). Then
2

= = Oh; g s e o Ohj Oy
Zgjhj—ZTg :ZEWFZZE@TQ.- (78)
j=1 j=1 "% j=1 j=1 k=1 J
m m  Ohj w 9%h
Proof. Let u = Zj:l gihj — Zj:1 89;. Then % =hj+> lgk 8% — > 8gj8§k'
LHS =Eu>=Eu () gjh; - o
=1 =1 %9
. o~ . Ohj
= ZEugjhj — ZEua—]
7j=1 7j=1 gj

m
= Eu—2’ + Eh;— — Eu—2 by integration by parts
2 99, jZ: ? dg; z; 99,

i=1 =t o
m ou
= ;Eh]‘ 8%
m m_m oh LS 0h
= ZlEhf + ZlgEhjgk Bg: ZlgEh 6gj8;k
Jj= J=ER= T
B m ) m.om %8}%
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where the last step follows from integration by parts on the second term. ([

Estimation of R.H.S. of (78):
N N
Y EnI=NTE) (0;f(lh))
j=2 =2
N .
=N'E Z(f(ll(ol)f(l1(02)0}0?> where o, 02 0 Gibbs measure given g
=2

= BU(1 (") (1 (0% Raz) + O(5)

1
= O(—=) in the high temperature phase.

VN

Lemma 74 In SK model (any h), for any function v =v(g,0) of g, 0,
0 _,Ov I6;

991, (v) = ag¢j> + ﬁ@mmﬂ - ﬁ<”><‘7i‘7j>~
Proof. Exercise. OJ
Using lemma 74, we have
Ohy, 1 B B
991, = N(f,(l1)0k0j> + N<f(l1)0'10k0'j> - N<f(l1)0'k><0'10j>-
Thus,
8g1j = N 04Vk) = N Opwi),

where vy, = vi(g, o) := f'(l)or+Bf(l)orox —B(f(l1)or)or and wj = w;i(g, o) = f'(l1)oj+
Bf(li)oroj — Bf(lh){o10y).

N N N N
Oh; Oh 1
E E E—2 LA ﬁ E § E@j(g,ffl)wj(g,ﬁ)m}ﬂ@

i 991091

1
i i, w; bounded, E|(R =0(—=) for < 1/2,h=0.
) since vj, w; bounde |(R12)| (\/N) B /

This completes the proof.

Exercise 75 Prove the quenched CLT for the hamiltonian in B < 1/2,h = 0.
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Lecture 28
Lecture date: Oct 31, 2007 Scribe: Anand Sarwate

31 A recap

For 8 < 1/2 in the Sherrington-Kirkpatric (S-K) model, we showed a bound on the overlap
R12:

(Ch)*

sy (79)

E <(R12 — Q)2k> <
where ¢ = Eftanh?*(8Z,/g + h)] and Z ~ N(0,1). This means that the overlap is concen-
trated. When h = 0 this implies that

k
B(r) < T (80)

so Ris is close to 0 in this case. This result was crucial in showing that for h = 0 the
quantity

N
1
h=—) 910 (81)
\/N ; YA/
has a limiting annealed distribution

%N(ﬁ, 1)+ %N(—B, 1. (82)

We also proved that the quenched distribution of I; converges in probability to (82) by
showing that

P
<f,<ll) — (ll — Btanh(ﬁll))f(ll» — 0. (83)
Note that this convergence is in probability on the space of probability measures.

Finally, we also found a CLT for the Hamiltonian ) g;jo;0; when h = 0. When h # 0 the
limiting distribution of the Hamiltonian is not known.
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32 The TAP equations

Today we will start looking at the Thouless-Anderson-Palmer (TAP) equations, which are

a collection of self-consistent equations for the quenched average value for i =1,2,..., N:
N
(o) tanh | L= S gile) + = 821 = a){or) (84)
j=1j#i
Furthermore, it is true that
(0:) L tanh(B2./q + h) (85)

where z ~ N(0,1). Moreover, (01), (02), ..., {(op) are asymptotically independent for fixed
pas N — oo.

The concentration of the overlaps implies that

(010;) = (03){0j) , (86)

which in turn implies

1 Y 1Y
NZ@ = <NZJ7;> (87)

i=1 =1
= o (5%)
= N 0;
L, E[tanh(82y/q + h)] (89)
Similarly, since Ris — ¢,
Ri2 = (Ri2) (90)
1
- N Z<Uz‘>2 (91)
i=1
L, Bltanh?(B2/g + h)] . (92)
This shows why ¢ must satisfy
q = Eftanh?(B2,/q + h)] . (93)
For simplicity of notation, let us define
1 N
Ty = ﬁ Z 9ij{0j) — B(1 — q){o) (94)
j=1j#i
so that the TAP equations say
(0;) = tanh(Br; + h) . (95)

Note that r; is a function of g only. It can be shown that r; N N(0,q).
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33 A sketch of the proof

First, note that the conditional expectation of o1 given o9, ..., is just tanh(5l; + h), so
(o1) = (tanh(Bl; + h)) . (96)
Now the goal is to approximate the distribution of [;.

We first reparameterize Gaussian mixtures. Given a, b, u, o2, let VYa b 02 denote the prob-
ability density on R proportional to

cosh(az + b) exp (-W) . (97)

Exercise Show that 1, , 2 is the same as py,, 2 + (1 — p)g,, 2, where @, ;> is the
density N'(p,02), p1 = p + ao?, ps = p — aoc?, and

exp(ap +b)

= ) 98
P exp(ap + b) + exp(—ap —b) (98)
If X ~byp 02, then
E[tanh(aX + b)] = tanh(aE[X] + b — (2p — 1)a®0?) (99)
= tanh(ap + b) . (100)

The term —(2p — 1)a®0? is called the Onsager correction term, and is what allows us to
move the expectation inside the tanh. The quenched distribution of /; is approximately

o g and so
(tanh(Bl; + h)) = tanh(Bry + h) (101)

and 1 = (l1) — B(1 — ¢)(o1). The quenched distribution is a random distribution with
parameter 7.

The Stein characterizing operator for ¢ , 52 is

Tf(z) = f'(z) - <”’°U_2“ - atanh(a:n+b)> f(2) (102)
To see this, look at
F@)+ (5 108 o)) F0). (103

Recall that for the characteristic operator, if X ~ 1, , ;2 then E[T f(x)] = 0 for all f and
conversely.
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We have to show that

E <f’(l1) - (lll %~ ftanh(3l + h)) f(l1)>2 0. (104)

It is instructive to consider the contrast with the annealed equation. If E(-) — 0 then we’ve
proved nothing. This comes from r; not being a constant. However, a quenched equation
implies a distributional result because r; is a constant, given g.

The remaining steps are then
1. Start with

hi(g) = —= (o = (a;)) f (L)) (105)

2. Then use the approximation Lemma to show that
E hj = E 106
gi1j 891 ( )

3. Recognize, after some computation and using Rj2 = ¢, that (104) and (106) are the
same.

The full details of these arguments can be found in the paper (S. Chatterjee, Spin Glasses
and Stein’s Method, arXiv:0706.3500v1 [math.PR]).
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Lecture 29
Lecture date: Nov 2, 2007 Scribe: Tanya Gordeeva

When h = 0, a phase transition occurs at 8 = 1. We saw that in the high temperature
phase, Ri5 = O(N_I/Q). Parisi conjectures that at 5 = 1 and h = 0, Rjs is of order
N~1/3. Guerra proved that at 8 =1 and h = 0, E(R?,) < C/+/N for some constant C, ie,
Rz = O(N~'/4) at most. Talagrand has another proof in his book, but it is complicated.
Nothing better is known.

Using Stein’s method, we will show that E(|R12|?) > C/N for some C > 0.

Proof: Let ¢ (x) be the probability density
cosh(z)e *"/2
2me

(i.e. the symmetric mixture of N(1,1) and N(—1,1)). Hopefully, this is the distribution of
the local field as N — oc.

For any bounded, measurable f, let M f = ffooo f(x)¥(x) dz. Define an operator U as

6932/2 0o )
Uf(z) = / cosh(t)e~P/2(F(t) — M) dt

coshz J__

and let T'f(x) = f/(x)— (x—tanh(z)) f(x). Verify that TU f = f— M f, so U is the inversion
of the Stein operator.

Lemma 76 ||U f||oco < C||f|loo and [|[(Uf)||oo < C||f||loo for some universal constant C.

Lemma 77 (Expansion lemma) Fiz a bounded, measurable f : R — R, let by, ..., by, be
arbitrary functions of o. Assume that by does not depend on o1. Then

E((f(11)b1)(ba) - - - (b)) =(M f)E((b1) - - - (bn))

N
ZE (o;U f(I1)b1)(ba) - - - (bro10j)(brs1) - - - (b))

E

~—
—~

Ms
Z\H

r=2 j=2
N
n % ZE(<O’jUf(ll)bl><b2> o b)) + %E(<(Uf)/(l1)b1><b2> (b))
=2
BT F(1)bion) (b2) - (b))
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Now take f(x) = tanh(x). Then (o102) = (f(l1)o2) (since f(l1) is the conditional expecta-
tion of oy given the rest of the spins). Thus E(c102)% = E({f(I1)02)(c102)).

Let b1 = 09, by = 0109. Since ¥ is a symmetric density and tanh is odd, M f = 0. Let
h =Uf. Applying the expansion lemma,

N
E(0109)% =0 — %Z E((01h(11)02) (020,))
j=2
9 N
+ = > B((ojh()o2) (0205} (010,)
j=2
i %E((h’(ll)aﬁ(amz))
+ %E((h(l1)0102><0102>)

To simplify the above, let Rem denote any term that is bounded by CN~'\/E(R;5)? for
some constant C'.

Since A’ is bounded, so

(W ()02 {0105)) < CBl(o102)] < v/ Bloia)?

!

o 1 C
ﬁ Em sz:<0’¢0'j>2 = N\/E<R12>2.

IA

So the fourth term is Rem. The last term is also Rem. Any single term in the sum in the
third term is also Rem. In the 2nd term, for j = 2, we get ~E(h(l1)). All other terms are
Rem. So

E<0'102>2 = —%E<h(ll)> — E((h(l1)020'3><0'20'3>) — 2E(<h(ll)0203><010'2><O'10'3>) — Rem.

This is the first expansion. To complete the proof, we apply the expansion lemma to each
of the above terms. It will be enough to show:

E(h(l)) 1
—T - N + Rem,

—E(<h(l1)0‘203><020’3>) = E<0'10'2>2 + Tl,
where |T1| < CE(|R12|3), and

[E((h(l1)o903) (0109)(0103))| < CE(|R12|*) + Rem.
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If we can show the above, then

1
E(o109)% = N +E(o100)2 +T1 + T

where Ty, Ty are bounded by CE(|R12|3) + Rem. So

1

=< C'VE(RT,)
7 <

CE(|R12>) + Rem < CE(|Ry2)?) + ~

Now +/E(R2,) < (E(|Ri2>))'/3. Suppose E(|Ri2|®) < ﬁ Then we get 1/N <
1/2N +(C'/N)(1/2CN)'/3, a contradiction when N is large enough. So for N large enough,

3 1
E(|Ri2|”) = 565
To prove the above three statements:

Apply the approximation lemma, and only the first terms will matter. Let w = Uh (so we
invert the Stein operator again). Verify that Mh = —1. By the expansion lemma,

S ! 010,
E(h(h)) = -1+ %Z E((oj0()){o10,)) + B (l1)>; E(010;)

j=2
= —1+ Rem+ O(1/N).

Using the expansion lemma on the second term, E((h(l1)o203){0203)) = (Mh)E{o303)? =
—E(0903)? = —~E(0102)? with some remainder terms. The third term can also be bounded
through the expansion lemma.

Lastly, a sketch of the proof of the expansion lemma:

We want to find E(f(l1)b1) - (by). Let h = Uf so that h'(z) — (z — tanh(z))h(z) =
f(z) = M f. Replace f(l1) — M f by h'(l1) — l1h(l1) + tanh(l1)h(l1) and apply integration
by parts on the terms arising from [1h(l;).

g
Exercise 78 Get an upper bound for E{|Ry2[?).

Exercise 79 FEwvaluate
lim E(N<R12R23R31>)

N—o0

or, alternatively,
lim E(N(oi09){0903){0301))

N—oo

You can use Guerra’s result.
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Lecture 30
Lecture date: Nov. 5, 2007 Scribe: Laura Derksen

We will again consider the SK model with parameters 8 and h. Let

1 N
= 7291;‘0]'7
\/Nj:2
and

1 N
- 75 Zg1j<0j> — B(1 = g){o1).

We previously sketched that [ is approximately equal in distribution to a random variable
with density proportional to

—(z —1r1)?
cosh(fSz + h) exp <2((1—q1))> . (107)

More precisely, let 11 be the random probability measure associated with the above density.
Then for any bounded measurable function f,

2
B((w) - [ fomn) < W= (108)

Exercise 80 Improve VN to N

Exercise 81 Get a bound on E[( — [ f(z)vi(dz) )2k). It should look something like

clf1& cll 15
Nk NEk/2

or

Exercise 82 Get results for multiple local fields Iy, 12, ...,1, where p is fived. Even the case
p = 2 would be interesting. When N Z's large, these become almost independent. Get

something like (fi(l1)f2(l2)... fp(lp) P 1 [ f@)vi(d).

Next class we will look at TAP equations for some other models.

We saw that if W is a random variable with E(W?) < oo such that E[Wo(W)] = E[Ty'(W)]
for some bounded random variable 7', then we can prove Tusnady’s lemma for W. Many
other things can be derived from this equation, the following lemma for example.
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Lemma 83 Suppose E[Wp(W)] = E[T¢'(W)] for all Lipschitz p. Then for any o2,

2E|T — o2
o2

dry (W, N(0,0%)) < ; (109)
where dry denotes the total variation distance. In particular, if 0> = Var(W), the upper
bound is

24/ Var(T)

o2

dry (W, N(0,0%)) < (110)

Proof: Taking ¢(z) = 1 we get E(W) = 0, and taking ¢(z) = z gives E(T") = Var(W).
Given a bounded measurable function f such that 0 < f <1, find ¢ such that

o' (x) — wp(z) = f(x) — E[f(2)]
where Z is N(0,02). Then

E[f(W)] -E[f(Z2)] = o*E[¢'(W)] - E[We(W)]
= E[(o® - T)¢'(W)]
2E|T — o?|
S T

since for 0 < f <1, [|¢']| < % a

Suppose W = f(X1, Xo,..., X;,) where X1, Xo, ..., X, are i.i.d. standard Gaussian. Then
there is a generic way to obtain T: let X = (X1, Xs,..., X,) and let Y = (Y7,Y5,...,Y},) be
independent of X and identically distributed. Then take

/0 2\1[28% ggﬁ VEX + V1 —tY)dt. (111)

For T we can also take the expectation of the above expression conditioned on X or W.
With this T', we have E[W(W)] = E[Ty'(W)] for all absolutely continuous ¢.

An application: take p(x) = = to see

1
Var(W) = E(T) = /OQ;E[ 8;:( )8f(\fX+\/1— Y)}

Let X; = VtX + 1 —tY. Then

—~Of . Of " [ of 2L of 2
E[z; 50 axl(Xt)] < E J;(axi(xo ;(axi(){”)
< VE[IV/OIPEV /(X))

E[|[V£(X)]).
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Suppose f is Lipschitz with constant A, that is, || f(z) — f(y)|| < A|lz — y|| for all  and y.
Then ||V f(z)|| < A for all z. Thus, with T defined as in (111), we have |T| < A? almost
surely.

Let m(f) = E(eV). Then
m'(0) = E(WeP") = 0E(Te®™) < 0A%m(6),

SO

d m'(0) 2

—1 0) = A%

ag 1080 = Ty <
and A2 A%0?

logm(f) < logm(0) + 5 =5
This gives
m(0) < exp(A%62/2),
therefore
P(|W| >t) < exp(—0t + A%6%/2) (112)

for any 6 > 0.

Theorem 84 (Gaussian Concentration Inequality) Suppose f : R" — R is an A-
Lipschitz function, and X = (X1, Xo, ..., X;y) is a random vector made up of i.i.d. standard
Gaussian entries. Then

P(|f(X) — E[f(X)]] > t) < 2¢70/24 (113)
for allt > 0.

Now, let’s prove that our 7" in (111) works if we assume E[f(X)] = 0.

EWe' (W) = Elp(f(X)(f(X) - f))]

1 d
= [ Bl G

! "L of X; Y;
= E X (X)) == - !
[ B ey gl (5 - i)
Now fix some ¢ and ¢ and let X;; = VX, + V1 —tY;. Let Z, = V1 —tX — \/EY, and
Z1i =1 —1tX;—/tY;. Then VtX;;++1—1Z;; = X;, and Cov(X;;, Z;;) = 0, so because
they are Gaussian, X;; and Z;; are independent. Therefore,

B o500 (5~ 5= )|

dt.

N
S - 20 (X2,
- S B Ui vI=iz g oz
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Integrate by parts to obtain

_ 1 oo o
= S B[P U g OV

This completes the proof.
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Lecture 31
Lecture date: Nov. 7, 2007 Scribe: Anand Sarwate

34 Gaussian concentration recap

If (W, T) is a pair of random variables such that
E[We(W)] = E[T¢'(W)] (114)
for all Lipschitz ¢, then for any o2 > 0

2E|T — 02|

drv (L(W),N(0,0%)) < 5

(115)

g

where £L(W) is the law of W. In particular, if 02 = Var(W), it is easy to see that E[T] = o2,
and hence

2+/Var(T
dry (L(W),N(0,0%)) < :;() : (116)
So how do we plan to use this? We have the following canonical construction: let
X = (X1,X2,...,X,) be a vector of iid N(0,1) random variables and f : R — R be

an absolutely continuous function. Then for W = f(X) with E[W] = 0, E[W?] < co we
have

E[We(W)] = E[T¢'(W)] (117)
for all Lipschitz ¢, where
1 &oof of
T_/ zﬁgaXi(X)aXi(Xt)dt (118)

where X; = vVt X +1—-tY and Y = (Y1, Ys,...,Y,) are also iid N(0,1).

With this tool we proved the Gaussian Poincaré inequality and the Gaussian concentration
inequality. Today we will start a method for obtaining normal approximations for quite
complicated functions. For example, we will look at linear statistics of the eigenvalues of
random matrices.
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35 A CLT for functions of Gaussians

To get a CLT we first need to prove the concentration of T given by (118). Clearly, we can
replace T' by the conditional expectation T'(x) = E[T'|X = x]. This requires some ugly but
straightforward calculation*. We begin by writing 7'(x):

T(z1,@9,...,3,) = /0 NG [Z (9331 gi Vix+V1-tY)|d (119)
Letting 02 = Var(W), we have
dry (L), N (0,0%)) < % Var(T(x)) (120)
By the Poincaré inequality,
Var(T(X)) < B||VT(X)| (121)

7

These give what one might call the “2nd order Poincaré inequalities.

Continuing with the computation:

oT L = 0% f 8

Ai(t)

(xf +VI—tY)|dt. (123)

B;(t)

What we really want to bound is the sum of squares of this expression. Using the inequality
(a +b)? < 2a? + 2b% and Jensen’s inequality, we get

2

Z(S;: )2 22(/0 2\/ dt> +22</01;E )]dt> (124)
§2E/0 MZAi(t)2dt+2E/o ZZBz’(t)th. (125)
=1 i=1

4You should be used to this by now!
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Turning to the first term,

ZAi(t)2 _ Z (Z 8jgxl(x)§£(\ft x+v1—t Y)) (126)
i=1 i=1 \j=1 "+ J
= ||ess £ () - VA(VE x4 VT Y)H2 (127)
< |[Hess f(x)|% - HVf(\/E x+vI—1 Y)H2 . (128)

We can get a similar bound for B;(t).

Note that in computing E |[|[VT(X)| we will encounter terms that can be bounded using
the Cauchy-Schwarz inequality and the fact that X 4 X;.

B [|[Hess )| [V (X)) < (B Hess ;) 1) " (BIwsxol*) ™ . (120)
Thus
Var(T(X)) < E[|[VT(X)]| (130)
Lo N 4 N\1/2
< (2/0 Mdt+2/0 4dt) (EHHessf(X)H E | V(X)) ) (131)
= 2 (e ;)1 BV £ (152)
We then have
iy (£ X0.0%) < 2 [2 (s o0 BIVSCROE) " a39)
- V0 (e s oo IV 1) L a3

We have proved the following

Theorem 85 If W = f(X1,Xs,...,X,,) where X = (X1, Xo,...,Xy) is a vector of iid
N(0,1) random variables with E[W] = 0, E[W?] = 02, and f € C*(R"), then

drv (07N (0.6%) < Y (B Hess O BT x01) . a9)

Exercise 86 Improve this theorem so that it doesn’t have any 4th powers.
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36 Looking forward : eigenvalues of random matrices

What sort of problems can we tackle with this machinery? Suppose

(Xif)1<ijcoo (136)

are iid A (0, 1) random variables and let

1
A, = ﬁ (Xij)lgi,j<oo . (137)
This is sometimes called the real Ginibré ensemble. The eigenvalues Ai, Ao, ..., A, of A,
are approximately uniformly distributed on the unit disc, in the following sense:
I~ as Lo
= Z 0x, — Uniform(unit disc in C) . (138)
n

i=1
We can look at sums of the form
> ), (139)

for some function f : C — C. It turns out that under very general conditions on f, this is
asymptotically Gaussian, meaning

> f(Ai)] (140)
i=1

converges in law. For symmetric random matrices, Sinai and Soshnikov proved this in 1998.

> f(N)—E
=1

We will conclude with a brief chronology of the relevant results.

1. Jonsson, D. Some limit theorems for the eigenvalues of a sample covariance
matrix J. Multivariate Anal. 12 1-38 (1982).
Discusses sample covariance or Wishart matrices, which are of the form A” A, where
A is a matrix whose rows are sample data points.

2. Ya. Sinai, A. Soshnikov, Central limit theorem for traces of large random
symmetric matrices, Bol. Soc. Brasil. Mat., 29, No. 1, 1-24 (1998).

3. Ya. Sinai, A. Soshnikov, A refinement of Wigner’s semicircle law in a
neighborhood of the spectrum edge for random symmetric matrices, Func-
tional Anal. Appl. 32, No. 2, (1998).

These papers prove a refinement and CLT for Wigner matrices, which are symmetric
random matrices.
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4. Johansson, K. On fluctuations of eigenvalues of random Hermitian matri-
ces. Duke Math. J. 91 151-204 (1998).
This paper studies matrices whose entries have joint density proportional to
exp(—nT'r(V(A))), where V is a polynomial.

5. Diaconis, P. and Evans, S.N. Linear functionals of eigenvalues of random
matrices. Trans. Amer. Math. Soc. 353 2615-2633 (2001).
This paper studies random unitary matrices and uses connections to symmetric func-
tions.

6. Chatterjee, S. Fluctuations of eigenvalues and second order Poincaré in-
equalities. arXiv:0705.1224v2 [math.PR].
This will be our plan for the next few lectures.
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Lecture 32
Lecture date: Nov 9, 2007 Scribe: Guy Bresler

37 Matrix Norms

In this lecture we prove central limit theorems for functions of a random matrix with
Gaussian entries. We begin by reviewing two matrix norms, and some basic properties and
inequalities.

1. Suppose A is a n x n real matrix. The operator norm of A is defined as

JA = sup [Az], «eR".

lal=1

||A|| =\ )‘maX(ATA)a

where Apax (M) is the maximum eigenvalue of the matrix M.

Alternatively,

Basic properties include:

1A+ Bl < Al +[|B]
lecAll = |af[| Al
IABI| < [|A[]IBII

2. The Hilbert Schmidt (alternatively called the Schur, Euclidean, Frobenius) norm is
defined as
[ Allus = Za?j Y Tr(ATA).
Y]

Clearly,

| Allns = v/sum of eigenvalues of ATA,

which implies that
Al < [[Allus < VnllA]-

Of course, || A||us also satisfies the usual properties of a norm.

Proposition 87 The following inequality holds:
[AB| s < [[ANll| Bl|s-
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Proof: Let b1,...,b, denote the columns of B. Then

IABIZs = > 14b:]1* < Y IIAIPI:]1> = Al 1B
=1 =1
a

3. A simple matrix inequality follows from the Cauchy-Schwarz inequality:
| Te(AB)| = asjbji < [|Allusl| Bllss-
1,J
4. Combining the proposition above with observation 3 gives the inequality
| Tr(ACBD)| < [|AC[us| BD|lus < [|ANIBINClsss[| Dllsss-

More generally, it holds that

| Te(ArAg .., Ap)l < || Aillas ]| A5 llus T 11AuI-
I£i,5

Next, recall the theorem from last lecture:

Theorem 88 Let Xi,..., Xy be ii.d. N(0,1) random variables. Let f € C%*(R") and
W = f(X) withEW = 0. Then

V10

v (E(V), N(0,0%) < V37 (B Hess £(X)]|'BIV S (0)1)+.

We will use this theorem to study the Gaussian random matrix.

38 CLT for Tr(A")

Suppose
1
A= ﬁ(Xij)lgi,jgNa

where X; b N(0,1). Fix a positive integer k. We would like a CLT for Tr(A¥).

To begin, note that

1
Tr(Ak) = NE2 Z Xy in Xigiz - Xy in Xigin - (141)
1<iy ig,..,ig <N

It turns out that the usual dependency graph theorem fails for k > 3, so a more powerful
method must be used.
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Exercise 89 Find a dependency graph theorem that works for all k.

In order to apply Theorem 88, we identify
X = (X117X127 O 7X1k’7X217X22a e 7XNN) 3

and f(X) = Tr(A*). Now

k—1
ol e (o P ) S (M)
r=0

Oxij Oy ij i)
where (a) follows from the fact that for two matrices A and B, %AB = %B + A%—f, and
(b) from moving the trace inside the sum and using Tr(AB) = Tr(BA). But
0A 1 T
= ——eiej ,
dzi; /N 7

where e; is the ith standard basis vector, i.e. the vector of all zeros with a 1 in the ith
position.

Thus
of k T gk—1
= —— Tr(e;e; A
oy~ N (e e )
k _
= 7% Tr(e] A" 'e;)
k _
= (4",

This allows us to calculate
af \? k2
X2:§ :—E Ak=1)2.

k,2 k—1(2
= 1A s (143)
]{72
< —
- N
< k;2||A”2(k71)

NIl A®2

Lemma 90
E[[A|P < C(p) Vp€Zy,

where C(p) is a constant independent of N.
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Proof: The proof is essentially as follows. For a positive definite random matrix B, || B|| =
Amax(B). Thus

Puax < (BARE)Y™  for any m

< (ETx(BP™)/m™

E|B|? =EN,

Now let m — oo suitably with N.O

This shows that ||[Vf(X)|?> = O(1), and hence the Poincaré inequality implies that
Var(f(X)) = O(1).

Exercise 91 Show that any two terms in the sum of equation (141) have non-negative
covariance.

The exercise implies that

Var(f o ZVar i Xiniy) > C(k) > 0.

Recalling the result of Theorem 88,

dry (L(W),N(0,0%)) < Y5~ (E| Hess f(X)|*E|V.f(X)|*)7

I
o

we see that 02 = Var(f(X)) > C(k) and from equation (143) and the fact noted above,
E|Vf(X)||? < C(k). Therefore it remains only to show that E| Hess f(X)||* — 0 in order
to prove the desired central limit theorem.

0A _ 0 ((‘MAk 1>
a:EZ'j 8:1,‘”

We have

and

2
o4 =kTr Akf’”*2 .
0% pqxij 8:0,] 8qu

Fact about matrix norms: If A is a symmetric, real matrix then

|Al= sup |27 Ayl
lzl|=yl|=1

Now, Hess f(X) is an N? x N2 symmetric, real matrix:

| Hess f(X)]| = sup ZCZJ P4 D ZCU—Ideq—l
:Umaqu

1jpq
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Let C = (¢;5) and D = (dpq) be two matrices with ||C|lus = ||D|lus = 1. Fix 0 <r <k — 2.
Then

0A , 0A ., o, 1 - oy 1 , oy
Zcz‘jdquT (%A o AF2 > = Zcijdpq Tr(eieJTA epegAk =y = N Tr(CA"DAF27T)
iipa ij Pq

where we used the fact that > CijeieJT = (' and similarly for D.

Now
| Te(CA"DAM2") [ < (LA 72 Cllus | Dllus = A2
e (k= 1))+
k(k—1 -
| Hess f(X) | < =5
Combining, we get the desired result:
C(k)

drv (Tr(AF), N (0,0%)) <
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Lecture 33
Lecture date: Nov 14, 2007 Scribe: Maximilian Kasy

39 Zero Bias Coupling

Consider a random variable W with EW = 0 and EW?2 = 62 < co. Define

1
p(z) = 5 EWlw>z)-

Lemma 92 p is a probability density
Proof:

e p(xr) > 0 for all z. For x > 0 this is obvious, for x < 0 note E(Wlgys,)) =
—EWlw<y)) =0

o [p(z)dz=1:
/p(m)da::/ E(Wl(W<z))dx+/ EW1(w>g))dx
z<0 >0

Let p denote the law of W. Then

| BWiwsdo= [ [ yautas= [ [ ydeauts) = [ ydutw)
x>0 z>0Jy>w y>0 Jz<y y=>0

and similarly for the second term.O

The distribution corresponding to this density is called the “zero bias transform”. If W* is
a random variable following the zero-bias transform of the law of W, then for all absolutely
continuous ¢ we have

EWo(W) = o’ By' (W)

(this is immediate from integration by parts). If W ~ N(0,1) then

ye—y2/2 6—12/2

p(x) = dy =

) y>xr V 2m V2T

so that W W¥*, i.e. the standard normal distribution is a fixed point of the zero bias
transform.

Example: W ~ £1. Then W* ~ Uni[—1,1].
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Theorem 93 If EW =1, EW? =1, then Wass(W, Z) < 2Wass(W, W*)

Proof: Take any 1-Lipschitz h. Find ¢ such that ¢'(z) — z¢(z) = h(z) — Eh(Z). By earlier
results we know [|¢”||c < 2||h/||c0 < 2. Now suppose W and W* live on the same space.
Then

[E(h(W)) = E(h(Z))] = |E(&" (W) = We(W))| = |E(¢ (W) — ' (W"))| < 2E[W" — W]
SInce this is true for any coupling, any h Lipschitz we have

Wass(W,Z) < 2&1{1/{5* E\W* —W/| = 2Wass(W, W*)

Example: suppose Xi,...,X, i.i.d. mean 0 variance 1, W = % For each i let X; be

independent of everything else. Let I ~ Unif{l,...,n} independent of everything else.
Define

1
QT p— X; + X7
W 7 ; + X3

We claim this is a zero bias transform:

EW o) = —= 3" EXip(W) =

1 1
EZE X; 7 ;Xj+Xi

1 1 )1
%ZE o’ N > X+ X; N

J#
= E(¢'(W"))
Thus
* 1 * 1 *

Theorem 94 (Goldstein-Reinert) Suppose Y,Y' are an exchangeable pair, EY =0, EY? =
o2 and E(Y'|Y) = (1 = A\)Y. Let v denote the joint distribution of (Y,Y'). Let
n o (y - y/)2 /
du(y,y') = BY — V)2 dv(y,y').

Suppose (Y,Y') ~ . Let U ~ Unil0,1] independent of all else. Y* = UY + (1 —U)Y’.
Then Y* is a zero bias transform of Y.
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Note that Ef'(Ua+ (1 —U)b) = LO=7(@) hence

b—a
2 gy — g2 [ £ = )
UE(f(Y))—aE< )1 )
o2 52
= oy Y0 - v = TR = B )

Exercise: Try to get Hoeffding CLT using this method.

Exercise: Suppose EW (W) = ET¢'(W).Then E(T|W) is the density of Law(W*) w.r.t.
Law(W) evaluated at W. We have Tusnddy’s lemma based on concentration of 7. On the
other hand, if W, W* can be constructed to be close to each other then we can construct
W, Z such that E|W — Z| is small. Question: If we know tail bounds on |[W — W*| can we
construct (W, Z) with fast decaying tails for W — Z7
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Lecture 34
Lecture date: November 16, 2007 Scribe: Joel Mefford

Size Bias Transformations

Size bias transformations are a classical topic in probability, with applications to sampling
theory. Their first connection with Stein’s method was in a paper by Goldstein and Rinott.

The definition and idea behind size bias transformations

Suppose W is a non-negative random variable with mean A\. A random value W* is called
a size bias transformation of W if

Vg. EWg(W)=AEg(W").

Now, if y is the law of W, then
. x
ap'(r) = 5 dp(a)

is again a probability measure, and if W* ~ p* then W* is a size bias transform of W.

For example:
n
Let X1,...,X, be independent, non-negative random variables and W = ) Xj.
i=1
For each i, let X" be a size bias transform of X;.

Let
W* =W+ Xf =) X;+ X},
J#i
with probability
E(X;)
> B(Xj)

1

J
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Then,

EWg(W)

So, now the question is:
If we have a size bias transformation, how can we use it to get a Central Limit Theorem?

The idea is that if W*—W is “small”, say relative to W, and E(W*—W | W) is concentrated
in an appropriate scale, then W is approximately normal.

Why is that?

Take any bounded Lipschitz function h, and let z ~ N(0,1).
Let f solve the usual Stein’s Equation:

f'(@) — xf(x) = h(z) — EL(Z)

Let g(z) = f (%), where A = E(W), and 0% = Var(W).

We would like to bound

W= A) —Eh(Z)

ol () - (22) ()]

B oy ) - () aw)].
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Now EWg(W) = AEg(W*), and so,
B [ogov) - (%) am)]

— Bog () - 2 (g7 - g7)|.

Using the size bias property, one can show that,

(take g(x) =z — A).

We can approximate,

and
E ((W* — W)g’(W)) =E (E(W* - W W)g'(W)) .

Thus, if E(W* — W | W) is concentrated, then

E(EW* =W | W)g' (W) ~ E(W* — W)Eg (W) = %Eg’(W).

Thus,

So, if the assumptions that W* — W is small and E(W* — W | W) is concentrated hold, we
get a Normal approximation theorem.

Goldstein and Rinott show that

W=\ 2| A| 0o A
‘Eh ( ) - Eh(Z)‘ < | 2” VVar (E(W* = W [ W) + ||h]|se 5 E(W* — W)2.
g

(o o

Their paper has details and examples.

Note that a “zero bias transform” gets its name by being a limiting case of a size bias
transform.
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Interaction Graphs

Suppose you have n points chosen uniformly at random from the unit square, [0, 1]2.
Let d; be the distance from the i’th point to its nearest neighbor.

n
Can we get a Central Limit Theorem for > d; ¢
i=1

The challenge with such a limit is that the dependence between the points, or the values of
d;, are only apparent after all of the points are present.

We can approach the problem by using Interaction Graphs.

Definitions

Consider the Polish Space 2, e.g. R%.
A map G that takes a point z € 2™ and outputs an undirected graph on [n] = {1,...,n}
will be called a “graphical rule”.

A graphical rule is called “symmetric” if when you permute the coordinates, the graph
permutes:

VreS,,Vre 2" G (xw(l), .. ,xﬁ(n)) ={(n(2), 7)) | (i,7) € G(z)}

Given a function f: Z™ — R, we want to associate a graph GG with it. First, some more
definitions:

. y /
Vilet ' = (z1,...,Ti—1, 2, Tit1,...,Tn)

P g pt] — / /
VZ,],.%'] - (xlv"'7$i717x11xi+1>"'7l‘j717x_j7l‘j+17"'7$j)

Say that two indices i and j are “non-interacting” under the triplet (f,z, ') if,

fla) = f(@?) = fz') = f(aY).

Note that the definition is symmetric in ¢ and j. This is a discrete analog of B:ngj (x) =0.

Given a function f, we say that a symmetric graphical rule or model G is an interction
graph for f if,

Vo, o' € 27V, 7,
(i,7) ¢ G(x), G(x"),G(27),0or G(x¥) = (i, j) non-interacting under (f,z,2’).

34-123



This definition of an interaction graph states that 2* and 27 are far apart in all four graphical
rules. Thus 7 and j are “non-interacting” in (f, z,z’).

This is a type of functional independence.

Given a symmetric graphical rule G on 2", and another rule G’ on 2™, m > n, we say
G’ is an extension of G if,

whenever = (z1,...,2,) Cy = (y1,-..,Ym), in the sense that
Ji1, ig, ..., in(distinct) € [m] such that Vk,y;, = x,
we have G(x) as the induced subgraph of G'(y).
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Theorem 95 Let 2 be a Polish space and X1, Xo, ... be tid Z -valued random variables.
Suppose [ : X — R is measurable.

Let W = f(X1,...,X,) such that E(W) =0 and E(W?) = 0% < cc.

Let G be an interaction rule for f with extension G' to 2 "4,

Let X1, X} ... be independent copies of X1, Xo,....

Let there be the discrete derivative Aj:

A]f(X) = f(Xl, PN ,Xn) — f(Xl, NN ,Xjfl,X]/-,Xj+1, PN ,Xn)

Let M = max |A; f(X)|, and let 6 = 14 the degree of vertex 1 in G'(X1, ..., Xpya).

Then,

1 1 1
W — B(W Cn2 |E(MP)TE(6Y)1| 4
Wass (Var((T/V))’N(O’ 1)) < [ o2 } + 203 Ej :E |Ajf(X)|3

Next time we will see examples of the uses of interaction graphs, such as in calculating the
number of empty boxes when n balls are dropped into an boxes.
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